Noncommutative Geometry and Quiver algebras 



William Crawley-Boevey, Pavel Etingof, and Victor Ginzburg 

Abstract 

We develop a new framework for noncommutative differential geom- 
etry based on double derivations. This leads to the notion of moment 
map and of Hamiltonian reduction in noncommutative symplectic geom- 
etry. For any smooth associative algebra B, we define its noncommuta- 
tive cotangent bundle T*B, which is a basic example of noncommutative 
symplectic manifold. Applying Hamiltonian reduction to noncommuta- 
tive cotangent bundles gives an interesting class of associative algebras, 
II = n(_B), that includes preprojective algebras associated with quivers. 
Our formalism of noncommutative Hamiltonian reduction provides the 
space n/[n,n] with a Lie algebra structure, analogous to the Poisson 
bracket on the zero fiber of the moment map. In the special case where n 
is the preprojective algebra associated with a quiver of non-Dynkin type, 
we give a complete description of the Gerstenhaber algebra structure on 
the Hochschild cohomology of n in terms of the Lie algebra n/[n,n]. 
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1 Introduction 

1.1 This paper is devoted to the general formalism of noncommutative dif- 
ferential and symplectic geometry. Noncommutative symplectic geometry was 
introduced by Kontsevich |Koj and further studied in |BLB| . |Gi| . where con- 
nections with quivers were discovered. 

In the present paper, we develop a different 'double version' of noncommu- 
tative geometry. This version has much richer structure; it allows, in particular, 
to deal with noncommutative analogues of the Gerstenhaber algebra structure 
on polyvector fields. Roughly speaking, Kontsevich's version is obtained from 
the double version by applying the commutator quotient construction. This 
procedure is somewhat analogous to replacing a chain complex by its homology, 
so a lot of information is lost in this process. 

It may also be mentioned that the theory developed below plays an important 
role in the mathematical formalism of 'open string' theory, cf. |Laj . 
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1.2 Let A be an arbitrary associative, not necessarily commutative, algebra. 
We extend the standard constructions of differential geometry like Lie derivative 
or contraction of a differential form with respect to a vector field, to noncom- 
mutative geometry. The role of differential forms is played by the so-called 
Karoubi-de Rham complex DR'A Derivations A — > A act naturally on DR'A 
via Lie derivative and contraction operators, cf. |Loj . In our 'double version' 
approach, the role of vector fields is played by double derivations A — > A ® A 
rather than ordinary derivations A — > A. One of the key technical points of the 
present paper is a construction of Lie derivative and contraction operators for 
double derivations. 

For any integer n > 1, one has a representation junctor 

Rep„ : Associative algebras — ► Affine schemes, 

that assigns to an associative algebra A the scheme Rep„ A of all n-dimensional 
A-modules, that is, of all homomorphisms of A into the associative algebra of 
n x n-matrices. A general philosophy, due in particular to Kontsevich, says 
that meaningful concepts of noncommutative geometry should go, under the 
representation functor, to their commutative counterparts. Thus, elements of 
the Karoubi-de Rham complex DR*^4 go to differential forms on the scheme 
Rep„ A, and derivations A — » A go to vector fields on Rep n A. The meaning of 
double derivations is more subtle, it is discussed in Sect. 16.31 

In Section 3 we develop a 'double' version of noncommutative symplectic 
geometry. Thus, our notion of symplectic 2-form involves double derivations 
and is different from the one introduced by Kontsevich |Ko| and used in |Gi| . 
|BLB| . Given an algebra A equipped with a symplectic 2-form, one has a natural 
Lie algebra structure on the vector space Aj [A, A], analogous to the Poisson 
bracket on the space of functions on a symplectic manifold. If A is smooth, 
then Rep„ A turns out to be a symplectic manifold. Elements of Aj [A, A] go, 
under the representation functor, to regular functions on Rep n A, and this map 
is compatible with the Lie brackets. 

For any algebra A, there is a distinguished double derivation A : a i — > 
a <S> f — f <£> a. Contraction with A gives rise to a very interesting new operation 
on the Karoubi-de Rham complex DR'A This operation is closely related to 
the cyclic homology of A, see |Gi2) . Using contraction with A, we also define 
a map sending closed 2-forms in DR 2 A to elements of A (up to a constant 
summand from the ground field). This map is referred to as noncommutative 
moment map. 

Given a symplectic 2-form u> £ DR 2 A, we let w be the image of u> under 
the noncommutative moment map. We show that the function on Rep„ A cor- 
responding to the element w gives rise to a moment map Rep„ A — > (fjt n )*, see 
Theorem l6.4.3l The algebra yl w = A/AwA, the quotient of A by the two-sided 
ideal generated by w, is called a Hamiltonian reduction of A at w since the 
scheme Rep„(A w ) may be identified with the zero fiber of the moment map. 

In general, the symplectic 2-form on A does not give a symplectic form 
on the Hamiltonian reduction. The resulting structure on A w is weaker; it is 
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conveniently expressed in terms of the notion of Hamilton operator, see Sect. 4.3, 
borrowed from the works of Gelfand and Dorfman |GD| . One of the main results 
of our paper says that the Lie bracket on A/ [A, A] descends to A W /[A W ,A W ], 
see Proposition 14.4.31 and Theorem 17.2.31 It should be emphasized that the 
'double version' approach seems to be absolutely indispensable for the above 
constructions and results. 

For any smooth associative algebra B 7 we define its noncommutative cotan- 
gent bundle. This is an associative algebra T*B that comes equipped with a 
canonical symplectic 2-form lj G DR 2 (T* B) . Each element of T*B gives rise to 
a regular function on T*(Rep n B), the cotangent bundle on the scheme Rep„ B. 
Furthermore, the 2-form u) goes, under the representation functor, to the stan- 
dard symplectic 2-form on T*(Rep„ B). 

Applying Hamiltonian reduction to noncommutative cotangent bundles gives 
an interesting class of associative algebras, II = U(B), that includes preprojec- 
tive algebras associated with quivers. This special case is considered in more 
detail in section 8. By our general result, the space n/[II, II] acquires a canon- 
ical Lie algebra structure. Theorem 18.4.11 . which is the second main result of 
the paper, gives, for quivers of non-Dynkin and not extended Dynkin type, a 
complete description of the Gerstenhaber algebra structure on the Hochschild 
cohomology of II in terms of the Lie algebra 11/ [II, II]. 

Our last important result is a computation of the center of the corresponding 
Poisson algebra Sym(n/[II, II]), see Theorem 18.6.11 This should be viewed as 
an 'additive analogue' of a similar result for Goldman's Lie algebra associated 
to a Riemann surface, see [E]. The proof depends heavily on the results from 
jCFTT] about quiver varieties. 

Our approach to noncommutative geometry was partly motivated by CB2 , 
and is quite close to Van den Bergh's work VB2 . Specifically, Van den Bergh 
considered a noncommutative analogue of Poisson geometry while in the present 
paper we mostly deal with a noncommutative analogue of symplectic geometry. 
Although symplectic geometry is a special case of Poisson geometry, the two 
papers have almost no overlap and (apart from ideological motivation originating 
from quiver theory) are quite independent. 

For more details about the connection between Van den Bergh's work and 
the present paper the reader is referred to the Appendix to [VB2 . 

1.3 Acknowledgements. We are very grateful to Michel Van den Bergh 
for useful discussions and for a careful reading of the manuscript. The second 
and third author are partially supported by the NSF grants DMS-9988796 and 
DMS-0303465, respectively, and also by the CRDF grant RM1-2545-MO-03. 

2 Calculus of double derivations 

2.1 Notation. Throughout, we fix a field k of characteristic and write 
(g) = (git, Horn = Hom k , etc. 
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Given an associative Ik-algebra A, let ^4 op denote the opposite algebra, and 
write A e = A ® A° p . There is a canonical isomorphism (A e ) op = A e . Thus, an 
^4-bimodule is the same thing as a left ^4 e -module, and also the same thing as 
a right ^-module. 

The space A® A has two commuting A-bimodule structures, called the outer, 
resp., inner, bimodule structure. These two bimodule structures are given by 

b(a'®a")c := (ba')®(a"c), resp., b(a! ®a")c := (a! c)®(ba"), a',a",b,c GA. 

Fix a unital associative Ik-algebra R. Throughout, by an i?-algebra we mean 
an associative unital Ik-algebra equipped with a unit preserving Ik-algebra imbed- 
ding R — > A. A morphism of i?-algebras is meant to be an algebra homomor- 
phism compatible with the identity map R — > R; in particular, any i?-algebra 
morphism is unit preserving. 

Let A be an i?-algebra and A ®r A — > A, a' ® a" i— > a' a" , the multiplication 
map. Let O^A :— Ker(m) be the A-bimodule of noncommutative relative 1- 
forms on A (with respect to the subalgebra R), see |CQ| Sect. 2]. If A is finitely 
generated as an i?-algebra then fi^ A is finitely generated as a left A e -modulc. 

Definition 2.1.1. An i?-algebra A is called smooth over R if it is finitely gen- 
erated as an i?-algebra and ti^A is projective as a left A e -module. 

Path algebras associated to quivers, to be studied later in this paper, are 
typical examples of smooth algebras. 

Given an A-bimodule M, write Dern(A, M) for the space of _R-linear deriva- 
tions, that is, derivations 9 : A — > M such that 9(R) = 0. There is a canonical 
'universal' derivation d : A — > QrA, a i— > da := a ® 1 — 1 <® a, such that, for any 
A-bimodule M, we have a bijection 

Der R (A,M) A- Hom^e(fi^,M), 9 ^ i g where i g (udv) := u ■ 9{v). (2.1.2) 

In the 'absolute' case R = k, wc will use unadorned notation Der A = 
Deri; A, ft 1 A = QrA, etc. We say that A is smooth if A is smooth over k. 

2.2 Separability elements. In this subsection, as well as in most sections 
of the paper, we assume R to be a finite dimensional semisimple k-algebra, e.g., 
a direct sum of matrix algebras. 

For such an algebra, there exists a canonical symmetric separability element 
e = Hi e i ® e * e R ® R sucn that the following holds, cf. |CQ| Prop. 4.2]: 

(i) r-e = e-r, Vr e R; (ii) V e l -e l = \; (iii) e = e op , (2.2.1) 

where in equation (i) we write r e :— (r -e^) ®e l , resp., e-r := £\ ei® [e % -r), 
and in equation (iii) we let (x®y) op := y®x denote the flip involution on R®R. 
We will often use Sweedler's notation and write e = e'®e" for the sum J^i ei<g>e\ 
Given an i?-bimodule M and a (not necessarlily i?-stable) k-vector subspace 
V C M, we write V R = {v G V \ rv — vr, Vr £ R} for the centralizer of R in V, 
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and put e ■ V := {e ■ v \ v e V}, where e • v stands for the left i? e -action. Also, 
let [R, M] C M be the k-linear span of the set {rm — mr r £ R,m £ M}. 
Thus, [R, M] is a vector subspace in M. 

Equation (12. 2. P (i) means that e G (R ® R) R , where R £g> R is viewed as 
an i?-bimodule with respect to the outer bimodule structure. The symmetry 
property l|2.2.1|) (iii) insures that the same holds for the inner bimodule structure 
as well. 

Properties (|2~2~T)l yield the following result, cf. |CT31 (43)]. 

Proposition 2.2.2. (i) For any R-bimodule M we have 

M = M R © [R, M] , and e ■ M = M R A Mj [R, M] , 

where the isomorphism on the right is the composite M <—* M — » M/[R, M]. 
(ii) The projection M — * M R along [R, M] is given by the formula: 

M -» e-AI, m i — > > a ■ m ■ e l — e'-m-e = e •m-e . □ 

^ — 

Let A be an i?-algebra and M an A-bimodule. Clearly, [R, M] C L4, M\. 
Applying Proposition 12 . 2 . 21 we deduce 

M = M R + [A, M], and e-[A, M] = [A, M] R . (2.2.3) 

Observe further that, for R as above, any i?-algebra A that is smooth over k 
is also smooth over R. To see this, note that the map r ^ r ■ e = e • r provides 
a section of the i?-bimodule map R <£> R — » R, of multiplication. Tensoring over 
R on each side with A, we deduce that the A-bimodulc map A ® A — ► A <S)r A 
has a section. Thus, fl R A is a direct summand of Q A, and our claim follows. 

2.3 Double derivations. Fix an i?-algebra A. We consider i?-linear deriva- 
tions 9 : A — > v4(g)^4, where we view A® A as an A-bimodule with respect to the 
outer bimodule structure. Put Ber^A := Dern(A, A A). The inner bimodule 
structure on A <£> A gives Hern A a natural left A e -module structure. Equiva- 
lently, we may view a double derivation 9 6 Ber^-A as a derivation A — > A e , 
where A e is viewed as an A-bimodule corresponding to left multiplication of A e 
on itself. From this point of view, the A e -module structure on Oer# A described 
above comes from right multiplication of A e on itself. 

Let M be an A-bimodule and u <E M. The map : A ® A — > M, a' ® a" 
t— > a'ua" is a morphism of A-bimodules. Applying the functor Der#(A, — ) to 
this morphism yields a map Oer# A = Der#(A, A ® A) — > Der/j(A, M). It is 
straightforward to verify that this way one obtains a well-defined map 

(Ber R A)®A'M — ► Dei R (A,M), 9®«i — >««oe, (2.3.1) 

where the tensor product on the left is taken with respect to the A-bimodule 
structure on Der^ A. 

In the special case M = A, we put Der^A := ~Dctr(A,A). The multipli- 
cation map m : A <g) A — > A, a' ® a" ^ a' a", is a morphism of A-bimodulcs 
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with respect to the outer bimodule structure on A ® A (but not with respect to 
the inner structure), hence, induces a map m* : Ber^ A — » DctrA. Using the 
notation of (|2.3.1[1 . one can write m* : 0h 1,o0. 

Proposition 2.3.2. Let R be a finite dimensional semisimple algebra. For any 
smooth R-algebra A the map (12.3. l|l is a bijection, Der^ A is a finitely generated 
projective A e -module, and there is a canonical short exact sequence 

— > Rojn A e(Slj l A,Q 1 A) — ► Ber R A ^ Der R A — ► 0. 

Proof. For any i?-algebra A and A-bimodule M, we have a canonical map 

R.ovx A *(£l R A, A® A) ® A „ M -» R.om A e(£l R A, M). (2.3.3) 

Using the universal property of Sl R A we rewrite this map as (Uer^ A) ® A ' M — > 
Der#(^4, M). It is easy to check that the latter map is nothing but (|2.3.1|l . 

Now, if A is smooth over R, then Sl R A is a finitely generated projective left 
A e -module. Thus, £l R A is a direct summand of a finite rank free J 4 e -module. 
It follows that HoniA= (Vl R A, A ® A) — Oby r A is also a direct summand of a 
finite rank free ^4 e -module, hence, projective. Furthermore, we conclude that 
the map in (|2.3.3|l is a bijection because a similar map for fl R A being replaced 
by a finite rank free A e -module is clearly bijective. 

Finally, if A is smooth then, applying exact functor Hom^e (f^yl, — ) to the 

short exact sequence of A-bimodules Q 1 A A® A -» A yields the short exact 
sequence of the Proposition. □ 




2.4 Double-derivations for a free algebra. Let R = k, fix an integer 
n > 1 and set A = k.{x\, . . . , x n ), a free associative k-algebra on n generators. 
An element / s k(xi, . . . ,x n ) may be thought of as a polynomial function in n 
non-commuting variables x\, . . . , x n . 

For each i = 1, . . . ,n, we introduce a double derivation di S H>er A defined 
on generators by the formula: 

di(xj) = 

It is easy to see that Der A is a free left A e -module with basis {di, i = 1, . . . , n). 

Next, let fi, . . . , /„ e k(xi , . . . , x n ) be an n-tuple of elements of A. We write 
F = (fi, . . . , /„) and think of F as a self-map of an rt-dimcnsional 'noncommu- 
tative affine space'. 

We may identify the space A® A with A e , and define the Jacobi matrix for 
the map F to be the following ^4 e -valued n x rt-matrix 

DF = ||0 i (/ J Olli,i=i J ...,n 6 Mat„(A e ). (2.4.1) 

Now, let F — (/i, . . . , /„) and G = (gi, . . . , g n ) be two n-tuples of elements 
of A. Let G°F be the 'composite' n-tuple obtained by substituting the ele- 
ments /i , . . . , f n G A into the arguments of the noncommutative polynomials 



6 



gi, . . . , g n . Equivalently put, giving an n-tuplc F = (/i, . . . , /„) is the same thing 
as giving an algebra homomorphism F : A — > A such that xi i— ► z = 1, . . . , n. 
In this interpretation, the composite G°F corresponds to composing algebra 
homomorphisms . 

Let P, Q I— > P*Q denote multiplication in the algebra Mat„(^4 e ); note that 
it differs from multiplication in Mat„ (A<E) A). 

The following result is proved by a straightforward computation. 

Proposition 2.4.2 (Chain rule). For any two algebra homomorphisms F, G : 
A -> A, in Mat„(A e ) one has D(G°F) = (DG)(F) ~k DF. □ 

In the right-hand side of the equation above, the matrix (DG)(F) is obtained 
by applying the homomorphism F ® F : A ® A ^ A ® A to each entry of the 
matrix DG E Mat nx „(A e ). 

We remark that the above Proposition has no analogue for ordinary deriva- 
tions A — > A instead of double derivations; cf. also |Vo| for closely related 
constructions. 

2.5 Karoubi-de Rham complex. Let A be an i?-algebra. The tensor al- 
gebra, T^(Q R A) = 0„>o T%(Q R A) (tensor product over A), of the yl-bimodule 
VL R A is a DG algebra (Vt* R A, d), called the algebra of noncommutative rel- 
ative differential forms on A. We have an isomorphism of left A-modules 
0, R A = A ®r T R (A/R), see |CQ| ; usually, one writes ao da\ da<i . . . da n £ £l R A 
for the n-form corresponding to an element ao ® (oi <B> . . . (g>a ra ) € A®rT r 1 (A/R) 
under this isomorphism. 

If R is a finite dimesional semisimple algebra, then the DG algebra (f^A, d) 
is known to be acyclic in positive degrees. Indeed, let it : A — > A/R denote 
the projection. The differential d n : £l R A — ► £l R +1 A corresponds, under the 
isomorphism Q' R A = A <E)r T r (A/R), to the composite 

A ® fl T%(A/R) % ^ T%+\A/R) ^ R ® fi T^ +1 {A/R) A ® R T% +1 (A/R), 

(we have used here that tensoring over R is an exact functor since R is a finite 
dimensional semisimple algebra). 

From this definition of the differential, it is clear that Im(d„) = Ker(d n +i); 
thus, we have 

{Q k R A) closcd = {Q R A) cxact := d (n^A) , V* > 1. (2.5.1) 

Next, following Karoubi, we define 

DRjjvl := ri R A/[fl R A,Q R A] SU p er , 

where [— , — ] SU per denotes the k-linear span of all supercommutators. This is the 
noncommutative de Rham complex of A with de Rham differential d : DR R A — > 
T)~R R +1 A, cf. also Lo for more details (in the case R = k). 

For any A-bimodule M, we have the commutator space [A, M], and we let 
Mj| := M/[A, M] = A ®a» M denote the corresponding commutator quotient. 
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We have a natural projection (fl^A)^ — * T)R' R A that becomes an isomor- 
phism: 

BR j R A = (Q? R A\, for j = 0, 1. 

For j > 2, the projection (f2^A)ij — ► DR^A is not an isomorphism, in general. 

Sometimes, to distinguish between f2^^4 and DR^A we will write [w] for the 
image of an element uj G under the projection Sl R A -» DRjj A 

The following standard result will be proved at the end of Sect. 12.71 

Lemma 2.5.2 (Homotopy invariance). Let A = (J) fc>0 Ak be a graded R- 
algebra such that R C Aq. Then, the algebra imbedding Aq <^-> A induces an 
isomorphism of de Rham cohomology H' (DR r Aq, d) A H'(T)R R A,d). 

For any vector space V C A, we write dV = {dv, v G V}, a subspace in O^A 
Given an i?-subalgebra B C A, there is a canonical DG algebra isomorphism 
fl' B A = Q, R A/Q. R A-dB-Q. R A. Similarly, given a two-sided ideal I C A, one has 
a DG algebra isomorphism, see |GQ| : 

tl' R (A/I) fl R A/(Q R A-I-Q,' R A + n R A-dI-n* R A). (2.5.3) 

Remark 2.5 .4. In general, the induced map i? — > A/ 1 is not necessarily injective. 
So, according to our definition, A/ 1 may not be an i?-algebra. Such a situation 
may arise when we consider Hamiltonian reduction in noncommutative geometry 
(section 6.4 below). However, the only reason for insisting that R be injectively 
mapped into any i?-algebra A is a frequent use of the notation A/R. So, in 
those rare occasions where the map R — > A fails to be injective, the symbol 
A/R should be understood as the quotient of A by the image of R in A. Q 

2.6 Contraction with a double derivation. We will use lower case Greek 
letters 8, £, . . . to denote derivations A — > A, and upper case Greek letters, 
0, S, . . . to denote double derivations A — > A ® A. 

Any derivation 8 G Der# A gives rise to contraction (with 8) maps ig : 
Q R A — ► resp., BR h R A -> DR| _1 A The map is defined on 1-forms by 

formula l|2.1.2|l and is extended to as a super-derivation. 

Now let 9 G Berfl A. For any 1-form a G Sl^A contraction with 8 gives 
an Abimodule map, see (|2.1.2|l : 

is - Q R A — y A®A, qi — > i e a = igo; ® i@a. (2.6.1) 

Here and below, we will systematically use symbolic Sweedler's notation to write 
isa = iQOt®iQa (omitting the summation symbol) for an element in the tensor 
product. Similarly, we write the map : A — > A ® A as a i— » 0'(a) ® 0"(a). 

As usual, one may uniquely extend the map ie in H2.fi.ip to higher degree 
differential forms by requiring that «o be a super-derivation of degree (—1). This 
way, we obtain a map ie : QrA — > Q R A ® tt R A, which is a super-derivation of 
the graded algebra fl' R A with coefficients in Q R A <E> Q R A, viewed as an Vl R A- 
bimodule with respect to the outer bimodule structure. 
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Explicitly, for any n — 1,2, ... , and a%, . . . , a n £ Q R A, we get 
ie{aia 2 ■ . ■ a n ) = ^ {-l)^ 1 -(ai . . .a k ^i (i e a k )) (g> ((i e a k ) a k+1 . . .a n ). 

l<k<n 

(2.6.2) 

It is often convenient to view the contraction map iq as a map £l R A — > 
T*(f7^,A), and to extend the latter map further to get a super-derivation of the 
tensor algebra T'(fT R A). 

With this understood, one has the following standard identities. 

Lemma 2.6.3. We have 

i$oi + i e ci tJ> = 0, V$,e eDer B A. 

The meaning as well as the proof of the second identity of the Lemma is 
illustrated by the following computation, 

i$ o i e (a 1 a 2 ) = (i'e a i ® (*e a i) a 2 — a i (*e a 2) ® *e a 2^ 
= i' @ ai ® (ie a i) (4 a 2) <8> i'ia>2 - 4«i ® (*$ai)(«e"2) ® «e Q 2- 

The expression for ie °i$(aia2) is obtained from this by switching the roles of 
8 and $. But the flip 9 <-> $ takes the the last line in the displayed formula 
above to its negative, and l|2.6.3|) follows. □ 

2.7 Lie derivative. For any derivation £ Der^^, there is a standard Lie 
derivative operator Lg acting on various objects associated naturally with the 
algebra A, e.g., an operator Lg : Oer# A — > Der^ A. There is also a derivation 
Lg : fl R A — > Sl* R A, and the corresponding induced map Lg : DR^A — > DR^A 
All standard formulas involving dc Rham differential, contraction and Lie deriva- 
tive operators hold in the Karoubi-de Rham setting. In particular, one has the 
Cartan identity Lg — d°ig + ig°d, for any 9 £ Der# A. 

Now, given a double derivation 9 S Der^A, we define the corresponding 
Lie derivative map as follows: 

L e : Q R A — > (A <g) Q R A) Q)(n R A ® A), a — > L e a, where 
L e (z dy) := 0'(x) g> 6"(ic) + (x d&(y)) <8> 9"(y) + a: 9'(y) ® d6"(j/). 

We may naturally extend the map Lq to a degree preserving derivation 
L e : -> fi&4 ® 

0<fc<n 

of the graded algebra fi^A with coefficients in $7^. A ® ^ A viewed as an fJJjA- 
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bimodule with respect to the outer bimodule structure. Explicitly, we have 
Le( a o dai . . . da n ) :— 6'(a ) ® 6"(a ) dai . . . da n + (2-7.1) 
+ ^2 [ao dai . . . dak-i dQ' (at) & Q" (cik) dcik+i ■ ■ ■ da n 

l<k<n 

+ ao dai ■ ■ ■ ddk-i ©'(cifc) <8> dQ"(ak) da^+i ■ ■ ■ da^j . 

As in the case of contractions, it is often convenient to view the Lie derivative 
as a map L@ : Q° R A — > T'(il R A), and to extend the latter map further as a 
derivation of the tensor algebra T'(Q R A). Similarly, given 9 G Der R A, we 
extend the Lie derivative Lg as a derivation of the tensor algebra T'(Q' R A); we 
may also extend the differential d : Sl* R A — > as a super-derivation of the 

tensor algebra T'(il' R A). 

With these definitions, it is straightforward to verify the identities 

[Li, ie] = Il 6 (&) and [L e , L e ] = L Li (0) , V8 e Dei-;?, A, £ e Derjj A. 

One also has the following Cartan formula for double derivations: 

d°i e +i e °d = L , yeeBer R A. (2.7.2) 

It follows in particular that the Lie derivative commutes with the de Rham 
differential: 



do Lq — dodoiQ-\-d°i<~)°d = d°i9°d = doiQod + iQ°dod = L® ° d. 

Remark 2.7 .3. It seems very likely that, given 0, $ G Ber^ A, the map 

L e ° L$ - L$ o L e : Q' R A — ► fiJjA ® fi^A <8> fi^A 

is equal to the (appropriately defined) Lie derivative with respect to {0, $}, the 
Schouten double bracket of and <J>, introduced by Van den Bergh |VB2| . 

Proof of Lemma \2.5.2l The grading on A gives rise to the Euler derivation 
E : A — > A, defined by = fc • Id, fc = 0, 1, ... . The action of the corre- 

sponding Lie derivative operator Le : DR^v4 — > DR^,A has nonnegative inte- 
gral eigenvalues. It is clear that the zero weight subspace is equal to T)R r Aq, so 
we have a direct sum decomposition DR^,A = (DR r Aq) Q)(DR' r A) > o, where 
the second summand is spanned by the eigenspaces corresponding to strictly 
positive eigenvalues. 

The direct sum decomposition above is stable under the maps d and ie- 
Furthermore, the Cartan identity shows that an appropriate rescaling of con- 
traction map ze provides a map h : (DR^,A)>o — > (DR' R 1 A) > o such that we 
have Id = d°h + hod. Thus, the differential d : (DR' R A) >0 -> (DR^A) >0 is 
homotopic to zero. It follows that the direct summand (DRjj.A)>o has trivial 
de Rham cohomology. □ 
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2.8 Reduced contraction and Lie derivative. Observe that the sign of 
the permutation (1, . . . , k, k + 1, . . . , k + I) i— > (fc + 1, . . . , k + 1, 1, . . . , k) equals 
(— l) w . For any a ® {3 G fi^4 ® fi^A, we put 

(a®/3) 4 :=(-l) H /5ael]fi, (2.8.1) 

and extend the assignment a ® /3 i — ► (a ® to a linear map OJjA ® ^^^4 — ► 
Q#A It is clear that, in DR^ +i A, one has 

[(a ® /3)°] = [a/3], Va G Q^A [3 G fi^A (2.8.2) 

Let O G ©er/j A. For any n — 1,2,..., we define reduced contraction iq, 
resp., reduced Lie derivative Jzfej as the following maps, cf. 1)2. 6. 2|) . resp., I|2.7.1|) : 

ie : f^H^l — > fi^ A, a i — ► ie« = (iea)*, resp., 

JSfe : a 1 — * -^ea = (£e<*)°- (2.8.3) 

Explicitly, for any a%, ot%, . . . , ot n G QrA, using the definition of ie, we find 

n 

ie(ai«2 ...a n ) = ^(_i)( fe - 1 )("- fc + 1 ) .(i^a fe )-a fc+ i . . .a n ai . . . a fc _i • (i' e a fe ). 
fe=i 

(2.8.4) 

Similarly, using the definition of Lq, we find 

Jz?e(ao rfai rf fl 2 • ■ ■ da n ) — Q" (oq) ■ da\ dai . . . da n -<d'(ao) 

n 

+ ^(-l) fe ("" fc ) .Q"(a k )-da k+ i . . . da n a dai da 2 ... da k -x-d@'{a k ) (2.8.5) 
fc=i 

n 

+ ^(-l)^- 1 )^-^ 1 ) .de"(a fe ) -da fc+ i ...da n a dai da 2 . . . da fc _i-6'(a fc ). 
fe=l 

The main properties of reduced contraction i may be summarized as follows. 

Lemma 2.8.6. (i) Fix 6 G Hern A. Then, for any uj G QrA, the element 
IqU) G QJf^ 1 A depends only on the image of uj in DR^A; in other words, the 
assignment uj i— > iquj descends to a well-defined map i@ : DK R A — > f2^ _1 A 

(ii) For fixed uj G DR^A i/ie assignment f— > zew gwes an A-bimodule 
morphism i(uj) : Hern A — > 0^ _1 A where Hern A is equipped with the A- 
bimodule structure induced from the inner bimodule structure on A® A. 

(iii) For any uj G f^A the following diagram commutes: 



(Ber R A\ ^ Der fl A 



(Or^)t *" DR^T 1 A □ 
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Proof. Given a 1-form (3 £ Q R A and a £ A, using definitions, we compute 

ie{ap) = %{ap)-i' 9 (ap) = (i£p)-a-(i' e p) = a)-i' s (fi a) = i e (f3a). 

It is now immediate that, for any lu £ Q R A, we have: 

!e(aw) = ie(wa), and i a '.Q. a "CU = a' ■ (iqlj) ■ a" , Va,o ,a £ A. 

Further, it is clear from (|2. 8.4(1 that i&(ai . . . a n ) and (— l) n_1 ie(a n ai ■ ■ ■ Q„-i) 
are given by the same formula. This yields parts (i) and (ii). Part (hi) follows 
from □ 

We have (0^4)^ = DR^A. Hence, for lu £ DK R A, the diagram of Lemma 
I2.8.6r iii'). in the special case n = 2, reads 



er R A\ ^ Ber R A (2.8.7) 




As a general rule, any formula involving contraction io, resp., Lie derivative 
Lq, and some other natural map Q R A — > Q R A (as opposed to a map Sl R A —> 
fl' R A ® gives rise to an analogous formula involving reduced contraction 

i&, resp., reduced Lie derivative Jz?e- In particular, one has 

Lemma 2.8.8. (i) For any G £ Oer^ A, we have 

d°tQ + iq o d = Jzfe , d o «5f e = Jzfe o d. 

(ii) for any £ £ Der# vl, i/ie maps iq and i^ anti- commute, i.e. for any 
lu £ DK' R A, in VL R ~ 2 A, we have (i^ ° iq + iq ° = 0. 

Remark 2.8.9. Given 9, $ £ ©er^ A, it is noi true that ° i@ + i@ ° i$ = 0, in 
general. 

Proof of Lemma. Both statements will be verified by direct, somewhat tedious, 
computations. The reader is referred to |Gi2j for a more conceptual argument. 

To prove (i), fix 8 € Der^ A and ao, a\, . . . , a n £ A. Using formula l|2.8.4|) . 
for do ie(<2o da\ . . . da n ) we get the following expression: 



d ^E(- 1 ) (fe_1)(l " fc+1) -(w-)-«fc+i ...a n a ... a k ^-(z' a k )j 

n 

= ^(-l) (fe " 1)(n " fc+1)+n ~ fc e"(a fc )-da fc+1 . . . da n da da x ... da k ^-Q'(a k ) 

k=l 

n 

+ ^(-l) (fe - 1)( "- fc+1) de"(a fc Ha fc+1 • • • da n a do x . . . da k -i-&(a k ) 
fc=i 

n 

+ ^(-lJ^-^^-^-^-^e'^OfcJ-dofc+x • • • da n a dai . . . da k ^-d& (a k ). 



fc=i 



12 



After simplification of powers of (—1), we find that d° ie(io dai . . . da n ) is a 
sum of three terms, Sq+ <S+ + <SL, where 



S = ^(-l) nfe 1 <d"(a k )-da k +i ■ ■ ■ da n da dai . . . da k ^i -6'(a fe ); 
fe=i 

n 

S+ = Y / (- 1 ) {k ~ lKn ' k+1) d&"(a k )-da k+1 ...da n a dai . . . da k ^-Q'(a k ); 
fc=i 

n 

S_ = ^(-l) fc ("- fe ) .9"K)-rfa fc+ i . . . da n a dai... da k . v d& \a k ). 
fc=i 

On the other hand, for ie ° d(ao dai ■ ■ ■ da n ) = i<~)(dao dai ■ ■ ■ da n ), we find 
19 °d(ao dai . . . da n ) = Q"(ao)-dai . . . da n -Q' '(do) 

n 

+ ^(-l) fc ("" fc+1 ) •e"(a k )-da k+1 ...da n da dai... da k -i-&(a k ) 

k=l 

= ®"(ao)-dai . . . da n -0'(ao) 

n 

+ ^2(-l) nk -0"(a k )-da k+ i ...da n da a dai . . . da k -i-Q'(a k ) 

k=l 

= Q"(ao)-dai . . . da n -Q' (a®) — Sq. 

Thus, we see that 

(d°i@ + iq o d)(aa dai ■ ■ ■ da n ) — O"(ao) -dai . . . da n -Q' (do) + 5+ + S-. 

The expression on the right hand side is exactly the one given by formula i|2.8.5|) , 
and part (i) is proved. 

To prove (ii), fix e Ber^ A and £ £ Der^ A, and also 1-forms oti, . . . , a n S 
fi}jA For any pair of integers 1 < j,k < n such that j ^ k, let Sj tk be the 
(n — 2)-form obtained from the form 

{iQa k )-a k+ i . . .a„ ai . . . a k -i ■ (i' e a k ) E W^A 

by replacing the factor ctj G QrA by the element i^aj G A. 

With this notation, we express °iQ(aia2 ■ ■ ■ a n ), using formula (|2.8.4|l as 
follows: 



k \ E (-l) (k - 1)(n - k+1) ^>k)-a k+ i...a n ai...a k .i-{i' e a k ) 

\l<k<n 

n In k—1 

= Y / (-i) {k - 1){n - k+1) E (-i)-'" fc+1 %fe+E(- 1 )^ fc+ -'" 15 ^ 

k=l \3=k+l j=l 
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Simplifying, we obtain 

i^i e (a 1 a 2 ...a n )= £ (-l) nfc - n+J '5 ijk + ^ (-l) nfc+J '5j, fc . (2.8.10) 

l<fe<j<n l<j<k<n 

On the other hand, we have 



«e »^(aiQ2 • ■ ■ On) = ie I / ^(-l) 3 1 a i . . . aj_i-(^aj)-a i+ i ...a„ 

l<k<j<n l<j<k<n 

= J2 (- 1 )" fe_ " + ^ 1 %fe+ Z (- 1 ) n * +i_1 S , J -,fc. (2.8.11) 



Comparison of formulas (|2.8.1U|) and i|2.8.11|) completes the proof of part (ii) . □ 



Observe further that, by Lemma T2. 8.61 the maps iq and _S?e descend to the 
following well-defined maps (the diagram below does not commute): 



DR' R A- 



d 



■DRJ+M 



n R A. 



(2.8.12) 



Next, fix O 6 Der^A, let 9 — m*(©) G Der^A be the corresponding 
derivation A — ► A, and Lg : DR^.A — > DR^.A the Lie derivative operator 
induced by 6*. It is immediate from part (iii) of Lemma 12.8.61 that one has a 
commutative triangle 



BR' R A- 



■ Q' R A 



DR R A 



(2.8.13) 



In other words, the diagram says that, if O £ IDter^ A and 9 = m*(0) G Der/j A, 
then Jzfe = Lg as maps DR^yl — > DR^,A 

Remark 2.8.14. The reader should be warned that, in the above setting, it is not 
true in general that Jz?e = Lg as maps £l R A — > fi^A In particular, for n = 
we have two different maps Jz?q, Lg : A — > A, where Lg(a) — 0'(a)0"(a) and 
jgf e (o) = 6"(a)©». 
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3 The derivation A 



3.1 From now on, we assume that R is a finite dimensional semisimple alge- 
bra, and e = e'cgie" G R®R is a fixed separability element, see Definition i|2. 2.1(1 . 

Refining slightly an idea of Van den Bergh, see [VB21 §3.3], we introduce the 
following distinguished derivation 

A : A — > A ® A, »h A(a) = (ae 4 (g> e l - e 4 (g> e l a) = ae' ® e" - e' ® e"a. 

We observe that A(i?) = since e 6 (i? ® Thus, A e Der fl A. 
Lemma 3.1.1. (i) For any w G f^A, we fterae 

L^w = we' eg e" — e' ® e"w, and JzfA w = 0. 
(ii) Writing [a,w] := - wa, /or any ao,ai, . . . , a„ £ A, we have 

n 

ia(oo dai . . . da n ) = ^(-l) (fe ~ 1)( ™ +1 )e'[afc, dak+i ■ ■ ■ da n ao da\ . . . dofc-i]e". 

fc=i 

La particular, we have Im(jA) C [A, & R A] . 
Proof. We prove (i) in the special case ui = xdydz G £l\A. We compute 

Law = La (x dydz) = (xe' <g> e" — e' ® e"x) dy dz 
+ x d(ye' ® e" - e' ® e"y) dz + xdy d(ze' ® e" - e' ® e"z) 
= xe' <X> e" dy dz — e' ® e"x dy dz 

+ ,x dy e' £g> e" dz — xe' ® e" dydz + x dy dz e' (8 e" — x dy e' (g) e" dz 
= x dy dz e' ig) e" — e' ® e" x dy dz = w e' <g) e" — e' (g) e" w. 

The computation of Law in the general case is very similar. 

Further, it is clear from formula (|2.8.1|l that for any u> 6 Q R A, we have 
{J2i ue t ® e')* = Ei e * we i = ( e i ® e l w)°. We deduce that Jf A w = 0. This 
proves part (i). 

A similar direct computation based on (|2. 8.411 yields an analogue of the 
formula of part (ii), with the roles of e' and e" flipped. By the symmetry of 
the separability element, we have e" Cg> e' = e' ® e", and the formula of part (ii) 
follows. The last claim of the Lemma follows from that formula and l|2.2.3|) . □ 

Observe that the projection m* : Der^ A — ► Dcr^ A clearly maps the deriva- 
tion A to zero. It follows that the composite BR' R A Sl'^A ^ DR^T 1 A 
a | — > [«aq], is the zero map. 

Corollary 3.1.2. (i) For any w 6 £l R A, in DR^ _1 A, we have [jaw] = 0. Also, 
in fl m R ~ 2 A, resp. in DRjj _1 A, we have 

«e(«Aw) = 0, resp., _£f e («Aw)=0, V9 G Der fl A. 

(ii) Furthermore, we have: 

ZA°d + d°iA = 0, and Lgot A =i A oLg, V9 €Dev R A. 
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Proof. By Lemma l2.8.6f i'l. the element iq{i&uj) G fl'^ 2 A depends only on 
[iaw], the image of i^uj in DR^~ A. Therefore, since \%a^\ = 0, we conclude 
that le(iA^) = 0. The proof for J£®{i\lo) = is entirely similar. 

The first formula of part (ii) follows from Lemma ES-l-lf i'l combined with the 
Cartan formula of Lemma I2.8.8f i) . The second formula follows from the first 
one, using the standard Cartan formula Lg = d° ie + i$ ° d and Lemma 12.8.81 □ 

3.2 Inner derivations. Given an A-bimodule M and m £ M, write adm : 
A — > Al for the inner derivation adm(a) := am — ma. If m G M R then 
adm(i?) = 0, hence adm G ~Dctr{A, M). 

In the special case M = A ® A, the map AI — > Der(A, M), m i — > adm is, 
in effect, a morphism of A-bimodules, provided Dei(A, M) = Dei(A, A® A) is 
equipped with the bimodule structure induced by the inner bimodule structure 
on A® A. 

Let e£R®RcA®Abe the separability element, see A2.2I By definition, 
we have A = ade. 

Further, using Proposition ^ . 2 . 2l we see that, for any p = p' ®p" G (A® A) R , 
one has that p — p' ® p" — J2iei e iP' ®p"z l — e 'p' ®p"e". The last expression 
is nothing but the result of the inner action of the element p op = p" ® p' on 
e = e'®e". It follows that the inner derivation adp corresponding top = p'®p" 
can be written, using the A-bimodule structure on Der^ A, as p" ■ A ■ p'. 

This way, one obtains the following result. 

Lemma 3.2.1. (i) For any p — p' ® p" G (A ® A) R , we have &dp = p" ■ A • p 1 ; 
hence, m*(p" • A • p') = ad a, where a = p'p" G A R . 

(ii) Inner derivations form an A e ' -submodule in Der^ A, and this A e -submo- 
dule is generated by the derivation A. □ 

Corollary 3.2.2. For any u G DR^v4 and p = p' ®p" G {A® A) R , in n* R A we 

have 

«adpW = p" (iau)p', and ^ dp LU = dp" (ialu)p' - (-l) dcguJ p" (i A uj)dp'. 

In particular, «Sf ac ip(a) = 0, for any a G A = fi^A. 

Proof. The map i(uS) : Der^j A — > fl r ^~ 1 A being a map of A-bimodules, for any 
p = p' ® p" G (A ® A) R , we deduce 

«adpW = Ipn.A-p'U = P" (lA^)p'. 

This proves the first formula. 

Next, using the Cartan formula, we compute 

i^adpW = l adp diO + dlaApU) = p" (lAduj)p' + d{p" (lAu)p') 

= p" (lAduj)p' + dp" (iauj)p' +p" (diAu)p' — (-l) dcgw p" (iaw) dp 1 
= p" (jSfAw)p' + dp" (iau)p' - (-l) dcg V (iaw) dp'. 
But J£au = by Lemma 13.1. If i). and the result follows. □ 
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Let Iniift A C Der# A be the subspace of inner derivations. This is a Lie ideal 
with respect to the commutator of derivations. From Corollarv l3.2.2l using the 
commutative diagram of Lemma 12. 8.t>r iiil we deduce 

Corollary 3.2.3. In DR' R A, we have 

iada^ = a-i&ui, and L a & a uj — da-i^u, Vw G DIC^A, a G A R . 

3.3 Geometric example. Let R = k be an algebraically closed field (of 
characteristic zero as usual), and let A = k[X] be the coordinate ring of a 
smooth affine algebraic variety. Then, A®A — k[X x X]. In this case, it is well- 
known that the Ext-group Ext^ e (^4, A® A) vanishes for all k ^ dimX. Thus, if 
dim X > 1 then, we have DerLA, A® A)/ Inn(A, A® A) = Ext^ c (A, A ® A) = 0. 
We deduce that any derivation 9 G Ber A is inner. 

Assume now that X is a smooth curve (dimX = 1). Then, the bimodule 
fl 1 AcA®Ais the ideal of the diagonal divisor D C X x X. Hence we have 



Tier A = Hom^ (C^A, A® A) = T(X x X, X xx{D)) 



(3.3.1) 



is the space of regular functions on (X x X) \ D with at most simple poles along 
D. We also have algebra isomorphisms Hom J 4=(^ 1 A, ft 1 A) = T(X x X, Oxxx) 
= A®A. 

It is known that, for a smooth curve X, the algebra A = k[X] is smooth in 
the sense of Definition 12.1.11 cf . |CQ| . This way, the short exact sequence of 
Proposition 12 .3 . 2l becomes the top row of the following diagram 



0- 



0- 



A® A- 



r(Oxxx) 



Tier A- 



T(Oxxx(D)) 



DerA- 



T(0 XxX (D)/0 



XxX 











In the bottom row of the diagram above we have used shorthand notation 
r(— ) for T(X x X,—); this row is obtained by applying the global sections 
functor to the natural extension of sheaves on X x X. The vertical isomorphism 
<f>, in the diagram, follows from the identification Der A — 3?(X), with the space 
of regular vector fields on X. The vertical isomorphism \& comes from l|3.3.1|l . 

Observe that the function 1 G A ® A corresponds under the above identifi- 
cations to the element Idn G Hom^e(r2 1 v4, ^A). Therefore, in the diagram we 
have — A, and the map j is nothing but the imbedding ad : A ® A <^-> 
Dcr(A, A ® A), of inner derivations. 



4 Hamilton operators. 

4.1 Noncommuative moment map. We fix a semisimple finite-dimensional 
k-algebra R and an i?-algebra A. Let (A/R) R be the centralizer of R in the 
i?-bimodule A/R. 
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We are going to define a canonical linear map 
fi nc : (DR^4) closcd — > (A/R) R , such that dfj, nc (u) = i a gj (4.1.1) 

holds in Ci^A, for any 10 G (DR^, J 4) c io S cd. 

To this end, we observe that the de Rham differential d anti-commutes with 
*A, by Corollary 13 . 1 . 2f ii) . Therefore, for any lu G DR^A such that dui = 0, we 
have d(i&w) — —i\(dio) — 0. Moreover, by the last statement of Lemma [3.1.11 
we know that iaw G (^R^)dosed' 

Recall further that the complex (Vl' R A, d) is acyclic in positive degrees, 
see (|2.5.1ll . It follows that the de Rham differential yields an isomorphism 
d : A/R —> (il^ A) dosed- This isomorphism clearly commutes with the adjoint 
action of R, hence, induces an isomorphism (A/R) R ^ (^i?^)closcd- Thus, we 
may (and will) define the map /Lt nc as a composite: 

Mnc : (DR^) closed ^ (f^)cVd = (^)fxaet ^ (A/R) R . (4.1.2) 

The map /i nc will play a crucial role in our approach to noncommutative 
Hamiltonian reduction. We will see in fj^] that the object corresponding to /i nc 
under the representation functor is closely related to the ordinary moment map 
used in (commutative) symplectic geometry. 

Here are a few basic formulas involving the moment map /i nc . 

Proposition 4.1.3. Let lu be a closed 2-form and w G A a representative of 
the class fj, nc (ui) G A/R. Then, 

(i) We have w G R + A R , and also dw = in DR^A. 

(ii) For any 8 G Der^A and G Der^A, in A/R, one has 

Lt, nc (L g uj) = L s ((j, nc (u))), and _£fe(/i nc (a;)) = 0. 

(iii) For any p — p' <£> p" G (A® A) R , a G A R , and u,v G A, one has 

i&dpU — p" • dw ■ p' holds in £IrA, 
*ada^ = a ' dw holds in DR^A; 

/i nc (du dv) = e' ■ [u, v] ■ e" mod R. 

Proof. By Corollarv l3.2.3l we know that i^uj = in DR^A, hence dw = jaw = 
0. Observe next that, since /j, nc (u>) G (A/R) R , we have [w, R] G R. Hence 
the derivation adw preserves R. But any derivation of the finite dimensional 
semisimple algebra R is inner. Hence, there exists r G R such that adw|/? = 
adr|i{. Thus, w — r commutes with R, and (i) follows. 

Part (ii) and the first two equations of part (iii) are immediate from the 
properties of ia established earlier. 

To prove the last formula, using Lemma l3.1.1f ii) we compute 

iA{dudv) — e'(— [dv, u] + [du, v])e" = e'([du,v] + [u,dv])e" = e'(d[u, v])e" . 

The last expression equals d(e'-[u, v]-e"). Thus, in Q R A, we obtain dfj, nc (du dv) = 
iA(dudv) = dye' ■ [u,v] ■ e"), hence /j, nc (dudv) — e' • [u,v] ■ e" G R, and we are 
done. □ 
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Recall the notation V R := V H M R for any vector subspace V in an R- 
bimodule M. 

Proposition 4.1.4. Let A be an R-algebra such that the following sequence is 
exact 

— ► R — > DR° R A BR R A. (4.1.5) 

Then, the map p nc : (DR^,j4) c i osc( j — > (A/R) R can be lifted canonically to a 
map pT^. in the diagram below 



DR R A 



[A, A] 



R C 



closed 
1 AIR 



(4.1.6) 



[A, Q, R A 



The map /x nc has the following properties: 

• The above diagram commutes and we have fj, nc (uu) = /x^(w) mod R; 

• The map Ji^ commutes with the Lie derivative Lg, for any 9 £ Der# A. 

The exactness of (|4.1.5|l is equivalent to the following two equalities: 



Ker[rf 



VR R A 



~DR R A] = R and [A, A]DR = 0. 



(4.1.7) 



Proof of Proposition. Let u> G DR H A be a closed 2-form and w G A a represen- 
tative of the class /i nc (w) G A/R. We know that dw = in DR^A, by Proposi- 
tion ^.!^ ). Hence, the first equality in (|4.1.7|l yields w € R+ [A, A]. Now, the 
second equality in H4.1.7|) implies that there is a unique representative of the class 
Mnc(w) that belongs to [j4, A]. This provides a lift fl^ c : {jyR 2 R A) c \ osc & — + [A, A]. 

Further, for any derivation 9 G Der^A, we have 0([A,v4]) C [A, A] and 
9{R) = 0. Thus, for any choice of w G R+ [A, A] we get 0(w) G 6(R+[A,A]) = 
9 ([A, A}) c [A, A}. Therefore, we deduce L e JiZ(uu) - Jj^(L e uj) G [A, A}. On the 
other hand, since /i nc commutes with Lg, we have LgJI^(uj) — JI^(Lguu) G R. It 
follows that Lgjt^(uu) — Ji^(Lguj) G R n [A, A] = 0, by the second equality in 
l|4. 1.7(1 . We conclude that the map pT^ commutes with Lg. 

Observe finally that the second equality in 14.1.7|) implies, in particular, that 
R is commutative. Hence, from Proposition ^. 1 .3\ i) we deduce [w, R] C [R, R] — 
0. Thus, w G A R , and we get G [A, A] C\ A R = [A, A] R . This completes 

the proof. □ 



4.2 Symplectic 2-forms. We say that a 2-form uj G DR^A is nondegenerate 
if the map : Ver R A -> DR R A, 9 i — * igUJ, is a bijection. Given a nonde- 
generate form uj G DR^jA, we invert the bijection i(uj) to obtain a bijection 
hL = iioj)- 1 : BR R A A Ber R A. 

We say that a 2-form uj G DR^A is bi-nondegenerate if the map i(uj) : 
Der^j A — * Q R A, O t— > «ew is a bijection, hence, an isomorphism of A-bimodulcs. 

Let uj G DR^A be a bi-nondegenerate 2-form. Applying the functor (— \ 
to the map i{uu) yields the bijection i{ou)^ : (DernA)^ ^ (fl^A)^ = DR^A 
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Further, using the commutativity of diagram (|2.8.7[) . we deduce that the map 
m^ : (Der^ t4)(| — > Der^ A is injective; moreover, one has the following diagram 

Bei R A = Im(mt,) © Ker(i(w)) 




(Ber R A\ ^ ^ Im(m^) ^ DR^A 

In this diagram, the vertical maps are the natural imbedding and projection 
(along Ker(i(cj))), respectively, and the horizontal maps and i(uj) are both 
bijections whose composite equals i{lo)^. It follows in particular that, for a 
smooth algebra A, any bi-nondcgenerate form is automatically nondegenerate. 
Next, we invert the bijection i{lo\ and introduce the following composite 

HL : DR^A ^ ^ (Derate ! ^Der^A (4.2.1) 

We see from the diagram above that the map H w is injective, furthermore, 
it provides a section of the projection i(uj) : Der^ A -» DR^A It follows in 
particular that we have 

i Hu ,( a )U = a, Vae DR^A (4.2.2) 

Both in the nondegenerate and bi-nondegenerate cases, we also consider the 
composite 

An DR^A ^ Der H A, p^9 p := H u (dp). (4.2.3) 

Proposition 4.2.4. Let lu be a closed 2-form and w 6 A a representative of 
the class /j. nc (uj) G A/R. Let 9 G Der^ A and put a — igio. Then 

(i) We have 0(w) = —i&a. 

(ii) The 1-form a £ DR^jA is closed if and only if L qui = 0. 

Proof. Let 9 G Dcr# A The maps «g and «a anti-commute, by Lemma l2.8.8f ii). 
Hence, using (|4.2.2|l we find 0(w) = ig{i&u) = — 2a(*0<^) = — «a«, and (i) 
follows. To prove (ii), we write Lgw = diecj + igdto = digtu, since dm = 0. We 
see that Lgcu = if and only if digu = 0. □ 

Fix a closed 2-form lu G DR^j A A derivation 9 G Der# A is said to be 
lu- symplectic if in DR^.A one has LgLu = 0. Clearly, w-symplectic derivations 
form a Lie subalgebra Der 1 ^ A C Der/{ A 

Definition 4.2.5. A closed 2-form lu G DR^A is called symplectic, resp., bi- 
symplectic, if it is nondegenerate, resp., bi-nondegenerate. 

Lemma 4.2.6. Let lo be a closed 2-form and w G A a representative of the 
class /inc(u) G A/R. Then 

(i) For any to -symplectic derivation 9 G Der 1 ^ A we have 9(w) G R. 



20 



(ii) If to is either symplectic or bi-symplectic then, for any a G A^, we have 
9 a G Der^A; furthermore, 9 a (~w) = 0. 

(iii) // the sequence (|4.1.5|l is exact then 9 G Der 1 ^ A implies #(w) = 0. 

Proof. Let 9 G Der 1 ^ A Since L# commutes with za, from Proposition 14. 2. 4T ii') 
we deduce Lgi&uj = i^Lguj — 0. The map d, hence d , also commutes with Lg. 
Thus, in A/R, we get Lgfi nc (uj) = Lgd~ 1 (iAu) = d~ 1 (Lgi&uj) = 0. This means 
that Lgw = mod R, hence 9(w) G R, and (i) follows. 

Since da is a closed 1-form for any a £ A, we deduce from Proposition 
I4.2.4f ii) that 9 a G Der£j. A. Further, in the special case n = 1, the formula 
of Lemma EEHii) says that the map ia : — > [A, O^Ap = [AjAp is 
given by «A(ao^ a i) = e'[ai,ao] e "; i n particular, we have i&{da) = 0, for any 
a £ i. Therefore, since i# a w = da, we conclude that # a (w) = —i&(da) = 0, by 
Proposition !4.2.4T i). Part (ii) follows. 

Finally, let 9 G Der^A. Then 0(w) G i? by (i). Thus, in the setting of 
Proposition ^. 1.41 for w = JI^(uj), we obtain 0(w) 6 J?fl 9([A, A]) C R H [A, A] 
= 0. This proves part (iii). □ 

Remark 4.2.7. Let w G A be a representative of the class /K nc (w) G A/i?. Then, 
for any derivation 9 G Der# A, the element 9(w) = ig{iAu) is independent of 
the choice of w. 



4.3 Hamilton operators. We are going to introduce the notion of Hamilton 
operator, motivated by a similar construction used by Gelfand and Dorfman in 
their work on integrable systems, cf. GDj and |Doj . 

Let © be a (possibly infinite dimensional) Lie algebra and (C , d) a com- 
plex with differential d : C —> C* +1 . By a <&-equivariant structure on C* 
we mean a pair of linear maps 25 — ► Hom^C", C"), x <— > L x , and 25 — > 
Homj^C*, C'^ 1 ), x i — * i x , which satisfy the standard commutation relations: 

[L x , L y ] — L[ xy ], L x = d°i x + i x °d, i x ° i y + i y ° i x — 0, [-L^, i y ] = i[ XlV ], 

for any x,y G 25. In this case, we call (C*,d) a (3-equivariant complex. 

Definition 4.3.1. Let (C*,d) be a 25- equivariant complex. A linear map H : 
C 1 — > © is said to be skew- symmetric if one has 

«H( Ql )a2 + «H( Q2 )ai = 0, Va 1 ,a 2 eC 1 . (4.3.2) 
A skew-symmetric map H is called a Hamilton operator if one has 

*h(q 3 )^h(qi)Q!2 + cyclic permutations of {1, 2, 3} = 0, Vai, «2, «3 G C . 

(4.3.3) 

Given a skew-symmetric map H , we introduce the following bilinear pairings 

(0) {-, -}° H : C°xC° — » C°, (p, 9 ) .— » {p, q}° H := i HW ^; 

(1) {-, : C'xC 1 ^ C 1 , (4.3.4) 

(a,/3) i — ► {«,/3}h := «h(o) - »h(/3) °cfo + d°i H ( a )f3 
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The main results about Hamilton operators, due to Gelfand and Dorfman, 
may be summarized as follows. 

Proposition 4.3.5. (i) A skew- symmetric map H is a Hamilton operator if and 
only if one has 

[H(a),H(/3)] = H({a,/3}i), Vo^GC 1 . 

(ii) For any Hamilton operator H, the bilinear pairing given by the first, resp. 
second, formula in (|4.3.4[1 makes C° , resp., C 1 , a Lie algebra. 

(iii) With these Lie algebra structures, the maps are both 
Lie algebra homomorphisms. □ 

The Lie bracket on C° given by the first formula in H4.3.4(l is usually referred 
to as the Poisson bracket on C° induced by H . 

A basic example of Hamilton operators is provided by Poisson bivectors. 
Specifically, let X be a smooth manifold, and write ^(X) for the Lie algebra 
of vector fields on X and fl'(X) for the graded space of differential forms on 
X. The de Rham complex, (Q*(X),d), has an obvious structure of 3?(X)- 
equivariant complex. Now, to each bivector tt G T(X, f\ 2 £?x) one associates a 
skew-symmetric map : Q}{X) —> 2?{X\ a i— > i n a. This map is a Hamilton 
operator if and only if the bivector tt defines a Poisson structure on X, which 
holds if and only if tt has vanishing Schouten bracket: [tt, it] = 0. 

4.4 Hamilton operator arising from a bi-symplectic form. The ST(X)- 
equivariant complex of differential forms on a manifold X, considered above, 
may be generalized to the noncommutative setup. Specifically, for any i?-algebra 
A, the Karoubi-de Rham complex DR^.yl has an obvious structure of Der^ A- 
equivariant complex. 

Any symplectic or bi-symplectic 2-form uj G DR^A gives rise to a Hamilton 
operator H w : DR^A — > Der# A. This is the map H w introduced in Sect. 14.21 
see (|4.2.1fl . One can verify that the equation du = implies condition (|4.3.3|l 
in the definition of Hamilton operator. 

According to Proposition 14.3.51 the Hamilton operator H w : DR^A — > 
Derfl : A gives the space — DR^A a Lie algebra structure. Thus, we obtain 
the following result, first discovered by Kontsevich, cf. |Ko| . |BLB] . |Gi | : 

Proposition 4.4.1. For any symplectic or bi-symplectic 2-form lu g T)R R A, the 
pairing (p,q) i — > {p, q} := p (q) mod [A, A] gives A^ a Lie algebra structure. 

With this structure, the map A^ — > Der 1 ^ A, p i — > 8 p becomes a Lie algebra 
homomorphism. □ 

Recall that we have a moment map fj, nc ■ (DK R A) dosed — * A/R. Let w G A 
be a representative of the class fi nc {u) G A/R, and write R[w] for the subalgebra 
of A generated by R and w. Notice that the subalgebra R[w] is independent 
of the choice of w. Notice further that, by Proposition 14. 1 . 3T i) . we may always 
find a representative w that commutes with R. This justifies the notation i?[w]. 
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Lemma 4.4.2. The image of the composite R[w] °-> A -» A§ is contained in 
the center of the Lie algebra A^. 

Proof. For any p G ^, r' ,r" G R, and m = 1,2, . . . , we compute 

{p,r'-w m -r"} = p (r'-w m -r") = r'-9 p {w m )-r" = r'-l^T w*.tf,(w).w— * ) t". 

Vfe=o / 

Each term in the last sum vanishes since p (w) = 0, by Lemma^^jjii). □ 

Next, write Aw A C ^4 for the two-sided ideal generated by w. The algebra 
A w := A/AwA may be thought of as a Hamiltonian reduction of A. 
The following important result will be proved in Sect. 17.11 

Proposition 4.4.3. (i) For any p € A^ the derivation 9 P preserves the ideal 
Aw A, hence induces a well-defined derivation p : A w — > A w . 

(ii) The Lie bracket on A^ descends to a well-defined Lie bracket on (A^)^. 

(iii) There is a Lie algebra map <p making the following diagram commute 



Der fl (A v 



proj 



(^w)b 



Der fl (A w )/Inn fl (A v 



4.5 Hamilton operators via Hochshild homology. Another class of ex- 
amples of equivariant complexes arises from Hochschild homology. 

In more detail, given an i?-algebra A and an A-bimodule M, let H R (A, M), 
resp. H£ l (A, M), denote the fc-th Hochschild cohomology, resp. Hochschild 
homology, group (with coefficients in M) of the algebra A relative to the sub- 
algebra R. In particular, we have H R (A, M) = M , the centralizer of A in M, 
and Hq (A,M) — M/[A,M], the commutator quotient of M. Also, we have 
H R (A, M) = Der fl (A, M)/ Inn fi (A M). 

Remark 4.5.1. If the algebra R is semisimple, then one has a canonical iso- 
morphism H R (A,M) = H*(A, M), between relative and absolute Hochschild 
cohomology of A, cf. |Lol §1.2.13]. However, this isomorphism will play no role 
below. 

In the special case M = A, we shall use simplified notation HH k R (A) := 
H k R (A A), resp. HH£(A) = H*(A, A). 

We recall that Hochschild cohomology of an associative algebra has a natural 
Gerstenhaber bracket iffl^~ x (A) x HH R (A) — > HH k R +l ~ l (A). This bracket, 
together with cup-product, give HH' R (A) the structure of a Gerstenhaber alge- 
bra. The Gerstenhaber bracket on HH R (A) is the one induced by the commu- 
tator bracket on derivations. 

Further, there is a natural contraction-pairing i : HH R (A) x HH^(A) — > 
HHf_ k (A) and Lie derivative pairing L : HH k R (A) x HHf'(A) -» HH?_ k+l {A) 



23 



which make Hochschild homology a module over the Gerstenhaber algebra 
HH' R (A). Furthermore, the resulting Lie derivative action of the Lie algebra 
HH R {A) on Hochschild homology may be promoted to a structure of HH R (A)- 
equivariant complex on HH^(A), with the Connes differential B : HH^(A) — > 
HH? +1 (A) playing the role of differential, see fHTJT) . |Lol Ch. 3]. 

In particular, in the special case I = we get an action of the Lie algebra 
HH R (A) on A^. It is easy to verify that this action is induced by the tautolog- 
ical Der R A-action on A; the induced Der# A-action on A§ clearly descends to 
T>evji A/ ImiR A since any inner derivation maps A to [A, A]. 

To construct Hamilton operators for this equivariant complex, we exploit 
the main idea due to Van den Bergh |VB1| . 

To this end, observe that the inner bimodule structure on A ® A survives 
in H R (A, A <g> A), hence, makes each cohomology group HH k R (A, A ® A) an A- 
bimodulc. Now, fix an integer d > and assume that HH R (A, A ® A) = 
unless k — d. Assume, in addition, that A has finite Hochschild dimension, cf. 
Correction to VB1 . Then, according to (a relative version of) |VBH Thm. 1], 
one has canonical duality isomorphisms 

Hg(A,Hi{A,A®A))^HH d R - k {A), Vifc = 0, 1,. ... (4.5.2) 

For any central element 7r G H R (A, A ® A) A , we introduce the following 
composition of A-bimodule maps 

H* : HH*(A) ^£ H*(A, H R (A, A ® A)) -S- HH d R k (A) . (4.5.3) 

A central element m G M A of an A-bimodule M is said to be a unit if the 
map a <—> a ■ m = m ■ a yields an ^4-bimodule isomorphism A A M. Thus, any 
bimodule that has a unit is non-canonically isomorphic to A as an A-bimodule. 

Now, assume that one has a unit n £ H R (A, A (g> A) A . Then, the composite 
map in (|4.5.3|l provides an A-bimodulc isomor phism : HH*{A) ^ HH't'(A). 
We may use this isomorphism to transport the Connes differential B : HH, (A) — » 
HH? +1 {A) to a differential d„ : HH' R {A) -> HH' R 1 (A). 

Claim 4.5.4. (i) For any tt £ H R (A, A ® A) A , the morphism in (|4.5.3|l inter- 
twines contraction and cup-product maps, i.e., we have 

H^{i v a) = r)U H n (a), Va G HH.(A), r/ £ HH'(A). 

(ii) Assume in addition that the algebra A has finite Hochschild dimension 
and there is an integer d > such that one has A-bimodule isomorphisms 
(Gorenstein type property): 

H k R (A,A®A) = h if k = d (4.5.5) 
I else. 

Then, for any choice of unit ir £ H R (A,A (g> A) , the differential d n makes 
Hochschild cohomology, equipped with the standard Gerstenhaber algebra struc- 
ture, into a Batalin- Vilkovisky algebra, in other words, for the Gerstenhaber 
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bracket on Hochschild cohomology one has 
{u,v} = d n {u-v) - d w (u)-v - (-l) k u-d w (v), Vu e HH k R {A),v G HH l R (A). 

We defer the proof of this Claim to a separate publication. 

Example 4.5.6. Let A — k[X] be the coordinate ring of a smooth affine algebraic 
variety X of dimension d := dimX. In this case we have HH R (A, A ® A) = 
unless k = d. A choice of unit it e H R (A, A®A) a = r(X, A^J^x) corresponds to 
a choice of a nowhere vanishing section of the canonical sheaf Kx = ^x ■ This 
section gives a trivialization of Kx- Thus, X is a Calabi-Yau manifold, and 
the Batalin-Vilkovisky structure of Claim l4T5.4f ii) is nothing but the standard 
Batalin-Vilkovisky structure on the space © fc>0 T(X, f\ k S?x) associated with 
the chosen volume form tt^ 1 6 Q, x , cf. e.g. |Schj . 

The special case where property l|4.5.5[) holds for d — 2 leads to a construc- 
tion of Hamilton operators. Specifically, one has the following result that may 
be thought of as a homological analogue of the construction of Poisson brackets 
used in |VE2] . 

Proposition 4.5.7. Let A be an R-algebra of finite Hochschild dimension such 

that condition (|4.5.5|1 holds for d = 2. 

Then, for any choice of unit n £ H R (A, A ® A) A , the corresponding map 
: HHf (A) ^ HH R (A) in (|4.5.3|l is a Hamilton operator for HH^ (A) , viewed 

as an HH R (A) -equivariant complex. 

In particular, the space A/ [A, A] acquires a natural Lie bracket { — , — } n , cf. 

Proposition \4 ■ 3. 5\ ii ) . 

The proposition above easily follows from Claim 14.5.41 To see this, let 
H := Htt, pick a. (3 € HHi(A), and put u := H(a) and v — H(/3). We ap- 
ply the isomorphism H _1 : HH 1 {A) HH\{A) to the displayed formula in 
Claim l4*.5.4f ii1. Using part (i) of Claim IT. 5. 41 and writing [— ,— Jccrst for the 
commutator in HH 1 (A), we obtain 

H- 1 ([H(a) ) H(/9)]c 3enrt ) = B(i H{a) f3) + i H{a) B(/3) - i H(0) B(a). 

The right hand side here is nothing but the bracket {a, /3}^ introduced in 14.3.4(1 . 
We see that the above equation is exactly the one from Proposition ^. 3. . □ 

5 Noncommutative cotangent bundle. 

5.1 Following an idea of |CB2| . for any i?-algebra B, we define T*B := 
T B (Ber R B), the tensor algebra of the B-bimodule Ber R B. Thus, T*B = 
©fc>oT^i?, is a graded B-algebra such that T^B = B. The algebra T*B may 
be thought of as the coordinate ring of the 'noncommutative cotangent bun- 
dle' on Speci?, a 'noncommutative space'. Indeed, wc will sec later that the 
representation functor takes the algebra T*B to the cotangent bundle on the 
representation scheme for the algebra B. 
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Write Ab for the A-derivation A^ : B — ► B (g) B; this derivation will be fre- 
quently viewed as an element of T£B = Ber/j B. We also have the A-derivation 
A T « B : T*B — > T*B (g) T*B, and an Euler derivation E : T*B — > T*£? arising 
from the grading on T* B, thus, E(a) — k ■ a, for any a E T^S. 

Theorem 5.1.1. Assume that B is smooth. Then, the algebra T*B is also 
smooth and it has a canonical bi-symplectic 2-form lu E DRjj(T*.B), such that 
L^lo = to, and such that the derivation Ab E T£B = Ber^S is a representative 
of the class jj, nc (uj). 

Remark 5.1.2. The bi-symplectic structure on T*B is closely related to the 
'double bracket' on T*B introduced by Van den Bergh |VB2| . 

In more detail, for any p E T*B, let 9 P : T*B -> T*B ®T*B denote 
the double derivation corresponding to the 1-form dp under the isomorphism 
Ber R (T*B) ^ f^(T*.B) provided by the bi-symplectic form of Theorem |5~T~T1 
Given <f>, ^ E Ber# B, view these double derivations of B as two degree 1 
elements of T*B, and let p := $. Then, we have a well-defined element 8$ ('J') E 
T*B (g) T*B. This is again an element of degree 1 with respect to the induced 
grading on the tensor product, i.e., an element of (£? Cg) Ber # B) © (Ber r B (g> B) . 
The map T* B ® T *B -> T*B <g> T*B, $ <g> * i — > 9*(*) can be shown, see 
Appendix to |VB2| . to be equal to Van den Bergh's double bracket. 

Theorem 15.1.11 combined with Proposition 14.4.11 provides the graded space 
{T*B)^ with a natural Lie algebra structure such that the Lie bracket has degree 
(— 1). Using the explicit construction of the bi-symplectic 2-form of the Theorem 
given in Sect. 15.41 below, one proves 

Corollary 5.1.3. (i) For any R-algebra A, the space (Ber^A^ has a natural 
Lie algebra structure. 

(ii) With this Lie algebra structure on (Ber/j A\ and the standard Lie alge- 
bra structure on Der# A given by the commutator of derivations, the canonical 
map m* : (BerjjA)^ — > Der^ A, cf. Provosition \2.3.'2\ becomes a Lie algebra 
morphism. □ 

Next, following CB2 , for any r E R we define an associative i?-algebra 
TV(B) to be the quotient of T*B by the two-sided ideal generated by the element 
Ab - r£ T*B + T*B. 

For r = 0, the grading on T*B induces a grading U°(B) = fe>o U^(B) on 
the algebra LI° (i?) . Therefore, the Euler derivation E descends to a derivation 
E : n°(S) -► 

For a general r E R, the grading on T*B gives rise to an increasing filtration 
FqW(B) C FiW(B) C . . . . Writing grW(B) for the corresponding associated 
graded algebra, one has a natural surjective graded algebra map H°(B) -» 
giW(B). 

Remark 5.1.4. It has been shown in |CB2| . that 

• There is a canonical isomorphism U°(B) ^ T B (H^(B, B ® B)). 

• If B = k[X] is the coordinate ring of a smooth affine curve X, then we have 
n°(k[V]) = k[T*X], the coordinate ring of the total space of the cotangent 
bundle on X. 
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• If B = kQ is the path algebra of a quiver Q, then W(kQ) = W(Q) is the 
corresponding deformed preprojective algebra, as defined in jt^BH . 
For r = 0, the grading on the algebra H°(B) induces a grading U°(B)^ = 
(B fc>0 Il"(_B)^. With respect to this grading, the Lie bracket on n°(i?)[, has 
degree (-1), that is, we have {-, -} : II^B^ x IL°(B)|, -» Il2 +J _ 1 (B)i 1 , for any 
fc,Z > 0. Therefore, the map E Lie : n°(S)i, -> IL°(B)t,, such that E Lie (a) := 
(fc — 1) • a, Va G n"(_B)^, = 0, 1, . . . , is a derivation of the Lie algebra n°(B)i,. 
We let k-ELie xn°(_B)t ] denote the corresponding semi-direct product Lie algebra. 

The following result will play an important role in applications to prepro- 
jective algebras associated with quivers. 

Proposition 5.1.5. (i) The Lie bracket on (T*B\ descends to a Lie algebra 
structure on H r (B)^, and there is a natural Lie algebra morphism IL r (B)§ — > 
HHUw{B)),p»6 p . 

(ii) For r = 0, the assignment p <— * 9 P , Et^c >— > E, gives rise to a Lie algebra 
morphism k ■ Eu c K (n° (£?)[,/./?) — > HH R (U°(B)). This morphism is injective 
provided one has (DR^i?) c i osc d = R. 

Part (i) of the Proposition is immediate from Proposition 14.4. applied to 
the algebra A — T*B. Further, it is straightforward to see that the map of part 
(ii) is a Lie algebra morphism. The injectivity statement in part (ii) is more 
complicated; it will be proved later, in Sect. 17.41 

Note that condition (DR5ji?) c i OS0( j = R in part (ii) may be interpreted as 
saying that the algebra B is connected. 

5.2 The Liouville 1-form. We recall the structure of SI r (TbM), the bimod- 
ule of noncommutative 1-forms on the tensor algebra A := TbM of an arbitrary 
£?-bimodule M. To this end, introduce the following A-bimodule 

:= (A ® B MrB ® b A) 0(A ® R M ® R A). (5.2.1) 

Abusing the notation slightly, for any a', a" G A, m G M, (3 G £l R B, we write 
a' ■ rh ■ a" := © (a' ® m ® a") G 0, and a' ■ ■ a" := (a' <g> [3 <g> a") © G f2. 
Let Q denote the A-subbimodule in 57 generated by the following set 

{(VmV') - db'-{mb") - b'-m-b" - (b'm)-db"} {b , ibl , eBimeM} (5.2.2) 

Lemma 5.2.3. Let M be a projective B e -module, and A := TbM . Then 

(i) There is an A-bimodule isomorphism Sl R A = 0,/Q. 

(ii) The imbedding of the first direct summand in Q, resp. the projection to 
the second direct summand in SI, induces, via the isomorphism in (i), a canonical 
extension of A-bimodules 

— > A® B &. R B ® B A^ n R A A® B M ® B A — > 0. 

(iii) The assignment B © M = T R M ffi T B M — > f2, b © m i— > db + m extends 
uniquely to a derivation d : A = T R M — > fl/Q; this derivation corresponds, via 
the isomorphism in (i), to i/ie canonical universal derivation d : A — * S7)jA. 
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(iv) If B is smooth and M is finitely generated (as a B e -module), then the 
algebra A — T R M is also smooth. 

Proof. First of all, using the relations (|5.2.2[) it is straightforward to verify that 
the assignment b © m i — > db + fh gives rise to a derivation d : A — > fl/Q. 

Now, let E be an A-bimodule and let 5 : A^-^ £ be a derivation. Again, 
the relations l|5.2.2[) insure that the assignment db + fh i — > <5(6) + 5(m) extends 
to a well-defined yl-bimodule map (l/Q —> E. It follows that the derivation 
d : A — > O/Q enjoys the universal property for the bimodule of 1-forms. Thus, 
we conclude that £l R A = This proves (i) and (iii). 

Part (ii) is clear from (|5.2.2|l . see also |CQ[ Corollary 2.10]; part (iv) is |CQ[ 
Proposition 5.3(3)]. □ 

Recall that, associated with any 1-form a 6 DR^B, there is a B-bimodule 
map i(pi) : Der^ B — > B, \— > iqoi. This map extends uniquely to an algebra 
homomorphism i(a) : T* B = T R {peY R B) — > B, such that i(o)\t'b = Ids 
and z(q;)|t*s = i(oe). Finally, the algebra homomorphism i(a) induces, by 
functoriality, a DG algebra homomorphism i(a)* : n R (T*B) — ► £l R B. 

Proposition 5.2.4. Assume that B is smooth. Then, there is a canonical 
Liouville 1-form A G DR R (T* B) such that the following holds: 

(i) One has zeA = 0, and L^X = A. 

(ii) In T^B = Ber R B, we have ia t , b X = A B . 

(iii) For any 1-form a G DK R B, in DH R B, we have z(a)*(A) = a. 

Remark 5.2.5. The Proposition above is a noncommutative analogue of a similar 
result for the standard Liouville 1-form on T*X, the cotangent bundle on a 
manifold X. To explain this, observe that any 1-form a on X is, by definition, 
a section a : X — » T*A of the cotangent bundle. Now, equation i(a)»(A) = a 
of the Proposition is an analogue of the equation a* (A) = a, for the pull-back 
of the Liouville 1-form on T*X via the section a : X — > T*A. 

To construct the Liouville 1-form, we consider the following natural maps 

(Ber R B) ® B . ft R B = Hom B e (ft R B, B ® B) ® B e Q^B -> Hom B e(Q)j,B, ft B -B). 

Since -B is smooth, the last map is a bijection, cf. Proposition 12 . 3 . 'J\ We invert 
this bijection and let A G (H)er R B) (g> B e Sl^B denote the canonical element 
corresponding to the identity Id G Hom B e (fl R B, £l R B) under the composite 
(from right to left) of the inverse maps in the displayed formula above. 

We can write A = ^ s p s ® 7 S , for some p s G Ber B B and j s = db s , where 
b s G B and s = 1, . . . , I. The map £l R B — > £l R B that corresponds to the element 
J2 S Ps ®ls is given by the formula a i — ► S s (*p« Q; )'7s*(*pa Q; )' ^ construction, 
this should be the identity map; thus we must have 

Y J {i' p a)-l s -(i'l > a) = a, Wa€il l R B. (5.2.6) 

Now, by Lemma r5.2.3f ii) applied to the -B-bimodule M = H)er R B, there is 
a canonical T*B-bimodule imbedding e : T*B ® B tt R B® B T*B Q, R (T*B). 
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Applying the commutator quotient functor E i — > E/[T*B, E] to the T*B- 
bimodule map e we get the following chain of natural maps 

T*B® B gag _ T*B® B ^ R B® B T*B e Q^(T*5) 
[B, T*B® B n l R B] ~ [T*B, T*B ® B n l R B ® B T*B] ' [T*B, Q R (T*B)] ' 

The leftmost term in this formula is nothing but T*B ®B' Q r B and the right- 
most term equals DR R (T*B). Thus, we have canonical maps 

(Ber R B) ® B - Cl R B = T*B ® B - SIrB ^ T*B ® B « fl R B -> DR R (T*B). 

We define A £ DR R (T*B) to be the image of the canonical element A £ 
(Derfl-B) ®s= ^a-B under the composite map above. Writing A = ^ s p s ®^f s 
and using the same notation as in formulas H5.2.1(l - (|5.2.2|) . we get the following 
analogue of the classical expression 'A = pdtf for the Liouville 1-form: 

i i 

A = Ps-ls = ^2 P>-<8>»> P» e nev R B = T*B, 7s = db s , b s £ B. (5.2.7) 

8=1 8 = 1 

5.3 Given a B-bimodule M, let Af v := Hom B e (M, B ® B) denote the dual 
_B-bimodule equipped with the B-bimodule structure induced by the inner B- 
bimodule structure on B ® B. We have a canonical B-bimodule map bidual : 
M — > (Af v ) v . This map is an isomorphism for any finitely generated projective 
B e -module M . 

In the special case M = Q R B, we have (Q R B) V = Hom B = {£l R B, B ® B) = 
Der^j B. Therefore, if Q R B is a finitely generated projective bimodule, one also 
has a canonical i?-bimodule isomorphism bidual : Sl R B (3er R B) v , a i— > 
a v = bidual(a). Explicitly, for a £ the element a v is a map given by 

a v : Ber R B ^ B®B, 9 — ► -t&a ® i' e a, (5.3.1) 

where the flip of the order of tensor factors is due to the fact that the B- 
bimodule structure on Homs= (Der^ B, B ® B) comes from the inner bimodule 
structure on B®B and the negative sign comes from the sign of the transposition 
permutation. 

Further, we have canonical bijections 

-. Id®bidual . , 

Ber R B ® Q R B ► Der^B ® (Der R B) v -> Hom B e (Ber fl B,Ber R B). 

The composite of these bijections sends the canonical element A = J2 S Ps ®7s G 
(Ber R B) ® B - Cl R B to the identity map Id : Ber R B -> Der_R B. This yields the 
following identity, dual in some sense to the identity 1)5.2.6(1 : 

^2 s e"(b s )-p s -e'(b s )=J2 s i eM-p s -i'eils) = e, VeeBer flJ B. (5.3.2) 
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Proof of Proposition \5.2.%\ To prove (i), we compute «eA = X) s *e(Ps ■ 7s) = 
J2 S Ps ■ (iEjs) = 0, since it[3 — for any (3 G Q R B. Observe further that A 
belongs to the image of T{B ® B ^ R B ® B T *B in BR R (T*B), cf. &£7$ . We 
deduce that = A. 

To prove property (ii) in the Proposition, we apply formula 15.3.2(1 to 9 = 
A R and observe that, for any 6 G B, one has i& T , B db = Ar* B (b) = Agfe. Thus, 
in T*B, we obtain a chain of equalities 

«A T . B A = ^(4 T , B 7 s )-p s -(4 T , B 7 s )=^ s Aj(C)-p s -^S) =Al 

To prove (hi), fix a G DR^B. Then, we find 

i(a)*(A) = ^»(a)*(p s -7») = ^(« Ps a)-7 s . 

But (i Ps a) • 7 S = (C ") ; (jk a ) ' 7« = (*' Ps a) ■ 7s ■ mod [O^S, B]. Hence, 

using the identity in l|5.2.6|l we get i(a)*(X) — a, as required. □ 

5.4 We put u> := dX G DR|(T*B). This is a closed 2-form. 

To avoid confusion, we write w := Ag, viewed as an element of T^B. 

Proposition 5.4.1. (i) The 2-form lo is bi-symplectic. 

(ii) We have i& t , b lo = c?w and A = i^Lo. 

(iii) For any p G T/*B, k = 0, 1, . . . , m (T*B)[j ; u;e /iawe: 

«adpA=p-w, and ig p \ = k-p. 

It is clear that the Proposition above implies Theorem 15. 1.11 
In preparation for the proof of Proposition 15.4.11 we put A :— T*B and 
M := U)er R B. We apply the functor Hom j 4e(— , A A) to the short exact 
sequence in Lemma 15 . 2 . 3f ii) . For a smooth algebra B, one obtains this way the 
following short exact sequence 



-> A ® B (Der R B) v ® B A^> (fi^A) 



V e 



A -> 0. 



Note that the middle term in this short exact sequence may be identified with 
{VL R {T*B)Y = Ber R (T*B). 

Now, contraction with lo gives a T*B-bimodule map i(ui) : H>eT R (T*B) — > 
n^(T*S), and we have 

Lemma 5.4.2. Let B be a smooth algebra and A := T* B. Then, the following 
diagram commutes 



0^A® B (V)er R B) v ® B A- 

-Id®bidual®Id 

-> A® B [SIrB) ® B A- 



Der fl A ■ 

»(w) 



■ft^A- 



~a® b {n R By ® s A->0 

Id 

A ® B (Der fl B) <g> B A -> 
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Proof. We use the notation of Sect. 15.21 Thus, we have the canonical element 
A = J2 S Ps ® Is, the Liouville 1-form A = J2 S Ps ' 7a i an d the 2-form lu = dX = 
J2 S dps ■ %, where 7 S = db s , see (|5.2.7[) . Given 9 G B>er R (T*B), we find 

iqu = } %e{dp s ■ 7 S ) (5.4.3) 

*• — ' s 

= - ^Je( d Ps)-ls-i'e{dps) + ^ s i'e{ls)-dp s -i e ( :: is) 

= -E s ©"(p s )-7,-©'(p s ) + E s ®"(b s )-d Ps -e'(b s ). 

Now, let a € Q R B and put 

a := 1 ® bidual(a) (g) 1 e T*B ® B {Ber R B) y ® B T*B C Ber fl (T*B). 

Thus, a : T*B — » T* B ® T* B is a derivation of degree (—1) that annihilates 
the space T *_B = B and acts on T^B = Der^ B as the map a v : Der^i? — > 
B®B = T^B <g> T *B C T*B ® T*B given by formula (EXIJ). Therefore, for 
9 = a, the second sum in the last line of formula l|5.4.3|) vanishes, and we obtain 

= -J2 s (a)"(ps)-Js-(a)'(p s ) 

where in the third equality we used formula (|5.3.1|l . and the last equality is 
due to identity l|5.2.6|) . This proves that the left square in the diagram of the 
Lemma commutes. 

Next, we prove the commutativity of the right square in the diagram of the 
Lemma. Since all maps in the diagram are T*B-bimodule maps, it suffices to 
verify commutativity on any derivation 9 G H)er R (T*B) such that £ v (9) G 
1 <g> {£l R B) <g> 1. This condition means that we have 9(T *.B) C T *B <g> T *B. 
Thus, 9 gives a derivation 9 b : B — > B®B, and we have £ v (9) — 1 <g> 9b <g> 1 G 

T*B® B (VL R B)® B T*B. We deduce that one has 9(6) = 9^(6), for any be B. 

We now take 9 as above and apply the map v (in the bottom row of the 
diagram of the Lemma) to the expression in the last line of H5.4.3|) . The first 
sum in this expression is annihilated by the map v. Also, we have v(dp s ) — p s . 
Therefore, from (|5.4.3|l we get 

i/(*ew) = E^( e "^)- d ^- e '^)) =Y, s ^B^s)-Ps-& B lb's) = &B, 

where the last equality is due to identity l|5.3.2|) . This proves that the right 
square in the diagram of the Lemma commutes. □ 

Proof of Proposition \5.4- i\ To prove that lu = dX G DR 2 (T*B) is a bi-symplectic 
form, we must show that the vertical map i(to) in the middle of the diagram of 
Lemma f5. 4 .21 is a bijection. But the vertical maps on the left and on the right of 
the diagram of Lemma f5. 4. 21 are both bijections. Hence, the statement follows 
from the commutativity of the diagram by diagram chase. 
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Next, by Proposition 15.2.41 we get d(As) = d(iA T « B X) = —iA T * B {dX) = 
—iA T , B u. Also, we compute i E u) = i E (dX) = L E X — g?(ieA) = A, since i E X = 0. 
Further, by Corollary 13. 2. 21 we know that i a dp^ = pdw. Thus we find 

iadpA = -i a dp«E^ = i&adpU = «e(p dw) = p-E(w) = p-w, 

where in the last equality we have used that the element w has degree 1 with 
respect to the grading on T*B. Similarly, for any p 6 T£B, we have E(p) = k-p. 
Hence, we obtain 

i 9p X = -i 6p i E uJ = «e ie p u = i E dp = E(p) = fc-p. □ 

6 The representation functor 

Throughout this section, k is an algebraically closed field of characteristic zero. 

6.1 Representation schemes. Let / be a finite set and R = kl, the algebra 
of functions I — > k with pointwise multiplication. For each i £ I, let e% G i? be 
the characteristic function of the one point set {i} C /. We have 1 = e ii 
furthermore, e := Y)^ e j &i ® &i is the symmetric separability element for R. 

Giving a left i?-module V is the same thing as giving an /-graded vector 
space V — ie j Vi, where Vi = eiV . For any left -R-module V, the action of R 
gives an algebra map R — > Homk(V, V). This makes Homi£(y, V) an i?-algebra, 
to be denoted End := Homk(V, V) below. 

From now on, let A be a finitely presented associative i?-algebra. Given 
a finite dimensional left R- module V = © ie/ Vi, we may consider the set 
Homfl_ a |g(A, End) of all -R-algebra maps p : A — > End. More precisely, there 
is an affine scheme of finite type over k, to be denoted Rep(A, V), such that the 
set HoniR_ a |g(A, End) is the set of k-points of Kep(A, V). The latter scheme, by 
definition, represents the functor B i — ► Hom^_ a | g (A, Ends(i3 ® F)), from the 
category of finitely generated commutative k-algcbras to the category Sets. 

Let G\j(V) r = Y\ i GL(Vi) be the group of i?-module automorphisms of V, 
and let G m C GL(V) R be the 1-dimensional torus of scalar automorphisms of 
V. We put G := Gh{V) R /G m , and let g = LieG be the Lie algebra of G. We 
may (and will) identify both g and its dual, g* , with the codimension 1 subspace 
in ©j Endk Vi formed by linear maps with the vanishing total trace. 

From now on, we will assume that the scheme Rep(A, V) is non-empty, and 
write k[Rep(A, V)] for its coordinate ring. We consider k[Rep(A, V)) §5 End, a 
tensor product of associative algebras. The map R — > End makes k[Rep(A, V)](g> 
End an i?-algebra that may also be identified with the algebra of regular maps 
Rep(A, V) — > End, equipped with pointwise multiplication. The action of G 
on V makes Rep(A, V) a G-scheme. This gives a G-action on k[Rep(A, V)] by 
algebra automorphisms. We also have a G-action on End, by conjugation, and 
we let G act diagonally on k[Rep(A, V)] €5 End. We write k[Rep(A, V)] G , resp., 
(k[Rep(A, V)] ® End) G , for the corresponding subalgebra of G-invariants. 
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6.2 Evaluation homomorphisms. Write SymE = ® J>0 Sym J k E for the 
symmetric algebra of a k- vector space E. 

Given an /-tuple {di E k} ie i, we define a linear function d : R — > k by 
the assignment ej i — > di. This function extends by multiplicativity to an alge- 
bra map Symi? — > k, and thus makes k a 1-dimensional Symi?-module to be 
denoted kj. 

Now let V = (B ie/ Vi he a. finite dimensional left i?-module. We put di := 
dimV^j, and write d = d(V) : ej i— ► dj for the corresponding linear function 
d : R k. 

Let A be an i?-algebra. The composite map R A ^> induces a graded 
algebra homomorphism Symi? — > Sym(^). We introduce a commutative Ik- 
algebra O d (A) := k d ® Symi? Sym(^). 

To each element a G A, one associates the following evaluation function 
a : Rep (A, V") — > End, p a(p) := p(a). The assignment a i — > a clearly gives 
an associative i?-algebra homomorphism 

ev : A — > (k[Rcp(A, V)] <8> End) G , a — > a. 

For any a E A, composing the function a with the trace map Tr : End — ► k, 
applied to the second tensor factor above, we obtain a G-invariant element 
Tra E k[Rcp(A, V)] G . If a E [A, A], then Tra = 0, due to symmetry of the 
trace. Thus, the assignment a i — > Tr a gives a well-defined k- linear map Tr o ev : 
A k -> k[Rep(A,V)] G . 

It is clear that the element ei E k[Rep(A, F)]<X>End corresponding to an idem- 
potent ej G R = kl is a constant function on Rep(j4, 1/) whose value equals the 
projector on the direct summand Vj. Therefore, we have Troev(ej) = dimVj = 
d(ej). Thus, we see that the linear map Troev : A^ — > k[Rep(j4, V)] G may be 
uniquely extended, by multiplicativity, to a commutative algebra morphism 

V> d : Cd(^4) — ► k[Rcp(A,F)] G , d = d(V), (6.2.1) 
Oi& . . .&a„ i — > (Trai) • . . . • (Tra„), Va 1; ...,a„G^. 

There is also a natural evaluation map on differential forms that sends 
the Karoubi-de Rham complex of A to the ordinary de Rham complex of the 
representation scheme. In more detail, write Q*(Rep) := fl'(Rep(A,V)) = 
A*[Rop(A v)\ ^ 1 (R-ep(A, V)) for the DG algebra of algebraic differential forms 
on the scheme Rep(A, V) (in the ordinary sense of commutative algebra). 

We have an algebra homomorphism 

ev : fl n A — ► (Q"(Rep) <S> End) G , a — ao dai . . . da n ^ a = ao ddi . . . da n , 
defined as a composite 

fl n A = A ® (A/k)® n (k[Rcp] ® End) ® (ft 1 (Rep) ® End)®" 
-» ( A" O^Rep)^ ®End®" +1 ^ Q n (Rep) ® End . 

\ ' %[Rcp] / 
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Observe that since r is a constant function, for any r G R, we have dr = 0. It 
follows easily that the map above induces a well-defined DG algebra morphism 
n* R A -> (Q'(Rep(A, V))®End) Further, composing the latter morphism with 
the trace map Id(g>Tr : fi*(Rep(A, F))®End — > f2*(Rcp(A, V)), we thus obtain 
a linear map 

Troev: DR' R A — > Q m {Rev{A,V)) G , ai — >TrS. (6.2.2) 
The map (|6.2.2[1 clearly commutes with the de Rham differentials. 

6.3 Double tangent bundle. Inspired by an idea of Kontsevich and Rosen- 
berg |KR| , we are going to discuss the effect of the action of the representation 
functor on double derivations. 

Fix a finite dimensional left i?-module V. To simplify notation, write Si := 
k[Rep(A V)]. We identify the algebra with k[Rep(A, V) xRep(A, V)}. We 
will also consider the associative i?-algebra M ® End ®3%. There are two algebra 
maps ev/,ev r : A — > M ® Endtg)^ 1 , given by the formulas evj(o) := a <& 1, and 
ev r (a) := 1 <g) a, respectively. Here, a is viewed either as an element of 3% ® End 
or as an element of End®,^. The two maps ev;,ev r , make M ® End ®3£ an 
^4-bimodule, via a'(u ® F ® v)a" := evi(a') ■ (it ® F ® v) ■ ev r (a"). 

We define the double tangent ^"-bimodule by 

,^ e (A,V) :=Derij(A,^(8iEnd(8i^). (6.3.1) 

We observe that the A-bimodule structure on ffl ® End ®M commutes with 
the obvious ^-bimodule structure, hence, the latter structure indeed makes 
,3? e (A, V) an ^-bimodule, that is, a k[Rep(A, V) x Rep(A, V)]-module (not 
necessarily free, in general). 

Given p G Rep (^4, V), we let k p denote the 1-dimensional ^-module such 
that / G k[Rep(A, V)] acts in k p via multiplication by the scalar f(p) G k. It is 
clear that the geometric fiber of the double tangent ^-bimodule 3? e (A, V) at a 
point (p, if) G Rcp(A, V) x Rcp(A, V) is given by 

^{A, V)\ {p ^ := (k p ® k v ) (g)^ ^(A, V). 

To get a better understanding of the vector space on the right of this formula, 
observe that any i?-algebra homomorphism p : A — » End V makes V a left A- 
module, to be denoted V p . The action map A ® rV p — » Vp is surjective since A 
has a unit. This gives a surjective map of left A-modules A ® -» Vp, where 
^4 (8> rV is regarded as a projective left A-module generated by the vector space 
V. We set K p := Ker(A <S> rV -» V p ), a left A-module. 

Lemma 6.3.2. For any (p,<p) G Rep(A, V) x Rep(A, V), one has a canonical 
isomorphism 

,^{A,V\ p ^ ~ Rom A (K p ,V v ). 
Furthermore, this space is finite dimensional if A is finitely generated. 
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Proof. For any left A-module M, we have Horrid (A <g) R V, M) = Rom R (V p , M) 
and Ext^(j4<g> rV, M) = 0. Hence, the long exact sequence of Ext-groups arising 
from the short exact sequence K p «-> A ® R V -» V p reads: 

Rom A (V p , M) ^ Hom i j(y p , M) -> Hom A (^, M) -► Ext^Vp, M) -> 0. 

Observe next that the ^-bimodule structure on ^ <8> End induces an 
bimodule structure on each Hochschild cohomology group H R (A, S% ® End ®M), 
p>0. Note that (^®End^M) R = M®~End R ®&, and H°(A, & <g> End ®M) = 
(£% <g) End®^)" 4 . In particular, we have the following exact sequence of 
bimodules (to be compared with the displayed exact sequence above): 

(^^End^)- 4 <^ {&®Ev.&®M) R Der fl (A, 5f ® End ®M) (6.3.3) 

— > H R (A, 3% ® End <g^) -> 0. 

We leave to the reader to verify that, for any two representations p, tp G 
Rep(^4, V), the geometric fibers at (p, of the ^-bimodules occurring in (|6.3.3J) 
are given by 

(3?®End®^) A \ {p . =HomA(F p ,F ¥J ), 
(^(giEnd®^)^, ) = Hom i j(F p ,F v ), 
Eer R (A 7 £i® End<g>^)|, . = HomuCKp, V^), 
H R {A,m® End®^)| (pv) =Ext^(F p ,y v ). 

The statement of the Lemma is now clear. □ 
Next, we consider the following maps 

A® A cv ®° v > {M ® End) ® (End ®#) id «® m ® id «, # E nd ®#, 

where m : End ® End — > End denotes the multiplication in the i?-algebra End. 
We observe that the two maps above are morphisms of A-bimodules, with 
respect to the outer bimodule structure on A ® A. Let ev;, r : A ® A — > 
M ® End denote the composite map, which is an ^4-bimodule map again. 

The "meaning" of the double derivation bimodule Der^ A is somewhat clar- 
ified by the following observation: The A-bimodule morphism ev;_ r gives rise to 
a canonical map 

ev Ur : Ber R A — > S? e (A, V) = E>er R {A,3$ ® End®,^). 

6.4 Moment maps. Let G be any algebraic group with Lie algebra g. Write 
g* for the linear dual of g; we often view x S g = (g*)* as a linear function on 
g*. The group G acts on g* via the coadjoint action. 

Let X be a G-scheme and w € Q 2 (X) G be a closed (not necessarily non- 
degenerate) G- invariant 2-form on X. Each element x G g gives rise to a vector 
field, £ x , on X. 
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Definition 6.4.1. A G-equivariant map /i : X — > g* is said to be a moment map 
for (X, zu, G) if the pull-back morphism /i* : k[g*] — ► kLY] has the following 
property: 

d(fi*(x)) — i^zo, for any x G g. 

Remark 6.4.2. Moment map is no£ uniquely determined by the triple [X, zu, G), 
in general. 

Given a moment map /i : X — > g*, we write /Lt _1 (0) C X for its scheme- 
theoretic zero fiber, a G-stable subscheme in X. If X is smooth and the 2-form 
to is nondegenerate, then kLY] acquires a natural Poisson algebra structure. 
The latter is known to descend to a well-defined Poisson algebra structure on 

Now, let A be a finitely generated associative i?-algebra equipped with a 
closed 2-form u> G DK 2 R A. Fix a finite dimensional i?-module V. On Rep(A, V), 
we get a closed G-invariant 2-form Trw G (f2 2 Rep(A, ^)) G , cf. I|6.2.2|) . We are 
interested in moment maps for the triple (Rep(A, V), Trw, G). 

Observe that the trace pairing (x, y) i— > Tr(x • on g provides a G-invariant 
isomorphism g* = g and that the Lie algebra g = Hornby, V) may be viewed 
as a subspace in the associative algebra End = Homk(V,V). Thus, we have 
an imbedding g* <^-> End and any moment map fi for (Rep(^4, V), TrcD, G) 
may be identified with a map Rep(A, V) — > End, that is, with an element 
(i G (k[Rep(A, V)] <g> End) G . 

Next, recall that we have defined a noncommutative moment map /x nc : 
(DR^A) c i oso d — > (A/R) R . Note that since i? = kJ is commutative and semisim- 
ple, we have i? C A 71 and, moreover, (A/R) R = A R /R. Given a closed 2-form 
lu G DR^jA and a representative w 6 of the class /Lt nc (w) G A/i?, we form 
the algebra A w = A/ Aw A. The projection A -» A w gives a closed imbed- 
ding of schemes Rep(A w ,V^) Rep(A, y), hence, a natural restriction map 
k[Rep(j4, V)} -» k [Rep (Aw, V)]. 

Recall that if the form u> is bi-symplectic then Propositions 14.4.11 and 14.4.31 
provide the spaces A^ and (^4 W )[] with compatible Lie brackets. These Lie brack- 
ets make the algebras Sym(A[,), Sym((A w )|,) into Poisson algebras, with Symi? 
being a central subalgebra in each of them. Therefore, for any linear map d : 
R — > k, the corresponding Poisson algebra structures descend to the quotients 
Od{A) and Od(Av), respectively. 

Our main result about representation functors is the following 

Theorem 6.4.3. Fix a closed 2-form u G DR 2 R A. 

(i) For any w G A R in the preimage of the element /i nc (w) G A R /R, the 
element 

(i := w G (k[Rep(A, V)] ® End) G 

gives a moment map for the triple (Rep(A, V), Trw, G). 

Write fi : Rep(A, V) — > g* for the corresponding map, and put d = d(V). 
Then, we have Rep(A w , V) — /i _1 (0), as subschemes in Rep(A, V); thus, there 
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is a commutative diagram 



O d (A) 

projection 

O d (A w ) 



■k[Rep(A,V)] G 

restriction to fi~ 1 (0) 



(ii) Assume in addition that A is smooth and to is a bi-symplectic form. 

Then, the scheme Rep(A, V) is smooth; furthermore, the 2-form TrtD makes 
Rep(^4, V) a symplectic manifold, and all maps in the diagram above are Poisson 
algebra morphisms. 

Remark 6.4.4. Different choices of elements w corresponding to the same class 
fj, nc (oj) G A R /R give rise to different moment maps, in general. 

Proof of Theorem \6.4-3\ We set A := k[Rep(^4, V)] ® End, and view it as an 
i?-algebra. The map a ^ a is an R- algebra morphism A — » A. 

Given any x G 9 we may (and will) view it as the element 1 ® x G A. In 
particular, for u G A, we write x-u := (1 ® x) • it, resp., u-x := u- (1 ® x). Thus, 
associated to x G g, we have an inner derivation ad a; : A — > A, u 1— > adx(w) := 
(1 ® x) ■ u — u ■ (1 ® a;). 

Further, differentiating the G-action on Rep(A, V), one associates to any 
element x G fl a vector field £ x on Rep(A, V), and we let £ x (f) denote the result 
of the ^-action on a function / G k[Rep(A, V)]. We will also consider ^-action 
on elements of A; for an End-valued function / <g> y G k[Rep(A, V)] <S> End = A, 
the action is defined by the formula £ x (f <8> y) = £ x (/) <g> y- This way, one gets 
a derivation £ x : A — > A. 

Observe next that, for any a G A, the function a : Rep(A, V) — > End is 
G-equivariant. Hence, in A, one has an equality 

£ T a = adx(a), Vx G g, a G A. (6.4.5) 

This implies a similar equation for differential forms. For instance, given a 
2-form u — ao da\ da2 G DR^A, we get 

H*v = kA^o dai da 2 ) = a £ x (a,i) da 2 ~ a dai Lfa) (6.4.6) 

===== ao adx(ai) da,2 —a-o dai adx(a2) = « a dx(ao dai dai) — «adxW. 

Now, with the notation introduced above, proving the theorem amounts to 
showing the identity: 

^(TrD) = cZTr(x-w), Vx G 0. (6.4.7) 

We have 

i 5x (TrcD) = Tr(i Sa! cD) = Tr(i adx Q), 
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by l|6.4.6|) . Further, from Proposition 14. 1 . ifl applied to the algebra A and to the 
2-form lj we deduce that, in DR 1 (A), one has 

Tr(i a d2;a)) = Tr(ir-G?/i nc ((2>)) = Tr(:r-<iw) = Tx(<i(a;-w)) = dTr(a;-w). 

Hence, we obtain ?j x TrQ = Tr(z a da;S)) = dTr(ir-w). This proves formula l|tj.4.7|) . 
We conclude that w is indeed a moment map for the triple (Rep (A, V), TrQ, G). 

Finally, surjectivity of the horizontal maps in the diagram of the Theorem 
follows from the well-known result due to Le Bruyn-Procesi |LBPj . Commuta- 
tivity of the diagram is clear. 

We now turn to part (ii) of the Theorem. First, recall that if B is any R- 
algebra then, for any left -B-module Q, the space Q* = Homk(<2,k) acquires 
a natural structure of right -B-module, and vice versa. Further, given a right 
B- module P and a left i?-module Q, one has a canonical linear map 

^>:P®bQ — > Hom B (P,Q*)*, p <g> q i— » $(p ® q), (6.4.8) 
where *(p <g> g) : Hom B (P, Q*) — ► k, f i-> (/(p), g). 

It is immediate to see that the map $ is a bijection if P is a finite rank free 
.B-module and dinik Q < oo. We deduce that: For any finitely generated pro- 
jective B-module P and finite dimensional module Q, the map \& becomes an 
isomorphism of (finite dimensional) vector spaces. 

We now resume the proof of part (ii) of the Theorem. The implication A is 
smooth Rep(A, V) is smooth is standard, cf. e.g. |Gi3j . 

Next, fix p G Rep(A, V), view V = V p as a left ^4-module and view Endk V p 
as an yl-bimodule. We put End p := Endk V p and End* := (Endk V p )*. The trace 
paring (u,v) i — > Tr(u-v) gives an ^4-bimodule isomorphism tr : End* End p . 

By a standard infinitesimal computation, the Zariski tangent space to the 
scheme Rep(^4, V) at the point p G Rep(^4, V) equals 

T p Rep(A,V) = Der R (A, End p ) = Hom^e(n^A,Endp). 

Therefore, for the cotangent space at p G Rep(^4, V), we get T*Rep(A,V) — 
Ber R (A, End p )* = Hom A = (f2^4, End p )*. 

Further, let w G DR^A The 2-form gives rise to the 'contraction map' 
i(lu) : 3er R A — ► QrA, and the corresponding 2-form Tru) G £l 2 (Rep(A, V)), 
induces a similar contraction map i — i(Trw) : T p Rep(A, V) — » T*Rep(A, V). 

It is straightforward to verify that the following diagram commutes: 

BerA ® A ? End; ESI1 : Der{A, End p ) tr Dcr(A, End p ) T p 

z(o;)0ld 7 

ft 1 ® A e End; — 5U-Hom A e(fi 1 ,End p )* ^=Der(^l,End p )* ^=T p *, 

where we have used simplified notation T p = T p Rep(A 7 V), fi 1 = £l R A, and 
Der = Der#. 
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Assume now that A is smooth, so P := QrA is a finitely generated projective 
yl e -module. Then, the map W in (|6.4.8|l becomes an isomorphism, and the 
map l|2.3.1|) in the top row of the commutative diagram above also becomes an 
isomorphism, by Proposition 12. 3. 21 Further, if u> is bi-nondegenerate, then the 
vertical map on the left of the diagram is a bijection. It follows that the vertical 
map on the right is a bijection as well. Thus, we have proved that the 2-form 
TrcD is nondegenerate. 

The last statement of the Theorem, compatibility with Poisson brackets, is 
the main result of |£JI|. □ 



7 Hamiltonian reduction in noncommutative ge- 
ometry 

Throughout this section, R stands for a finite dimensional semisimple k-algebra. 

7.1 Proof of Proposition l4.4.3l Let A be an i?-algebra with a bi-symplectic 
form u G DR^jA, and i(u>) : Hern A A the bijection induced by to. For 

any v G A, let Q v := t(oj)~ 1 (dv) denote the corresponding double derivation 
and, using Sweedler's notation, write 0„ = Q' v ® 0". 

With this understood, we have the following explicit formula for the map 
H w : DRftA —> Dei R A, introduced in (|4.2.1I) . 

Lemma 7.1.1. Let u' , u" , v G A, and put 9 := H u (u' -dv u") G Der^ A. Then, 

(i) Wehave6(q) = Q' v (q)-u"-u'-G{(q), Vq G A. 

(ii) Let w G A be a representative of the class /i nc (w) G (A/R) , let u — 
u" ®u' e{A® A) R , and put 6 := H u (u' -dw-u"). Then, 

i(tj) _1 (u'-(iw-ii") = u' ■ A-u" — adw, and 6 — ad(u"u'). 

Proof. The map i := i(u>) is an A-bimodule isomorphism, hence, so is i~ x . We 
deduce 

•dv-u") = v! 'i~ (dv)-u" = u -Q v -u" = (Q' v -u") <S> (u'-O"). 

Further, by definition one has = m^ °i -1 (it' • dv ■ u"). Hence, we get 8(q) — 
(Q' v (q) ■ u")-(v! ■ 0"(g)), and (i) follows. Part (ii) is a reformulation of the first 
equation in Proposition 14. 1 .ST iiil . □ 

Next, we set I := AvtA C A, so A w = A/L. 

Lemma 7.1.2. (i) For any p G A^, one has P (I) C /. Hence, 9 P descends to a 
well-defined derivation 8 P : A/ L — > A/ 1. 

(ii) If p G J + [A, A], then 9 p : A/I — > A/I is an inner derivation. 

Proof. To prove (i), we compute 9 p (AwA) C p (A) w A+A 9 p (w) A+Aw6 p (A). 
The summand in the middle vanishes since p (w) = 0, by Lemma 14.2.614 11. The 
other two summands clearly belong to / = Aw A, and (i) follows. 
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We turn to part (ii). It suffices to prove the result for elements of the form 
p = awb G AwA = I. For such an element, in fl R A, we have dp = d(awb) = 
(da) wb + a (dw) b + aw (db). Hence, using the formulas and notation of Lemma 
17.1.11 for 6 p = 8 and any q G A, we find 

9 p (q) = el( g )-w • b-Q^q) + ad(6o)(g) + Q' b -a-wQl{q). 

In this sum, the first and third summands clearly belong to the ideal AwA = I. 
Hence, these terms give no contribution to the induced map A/ 1 — > A/ 1, q i— > 
p (q). The summand in the middle gives an inner derivation ad(6a). We conclude 
that the induced derivation 8 p is an inner derivation A/ 1 — > A/ 1 corresponding 
to the image of ba in A/ 1. □ 

Proof of Proposition \4-4-^\ By part (i) of Lemma 17.1.21 we get a map tp : A — > 
DerRj4 w , a i — > # a . This map vanishes on [A, A]. Furthermore, part (ii) of 
Lemma 17.1.21 implies that the composite map A — Der^A^ — > HH^A^,) 
vanishes on / = AwA. Thus, we conclude that this composite vanishes on 
I + [A, A], hence, descends to a well-defined map 

<p : A W /[A W , A w ] = A/ (I + [A, A]) — » HH R (A W ). (7.1.3) 

We may now combine the map tp with the natural action of iJff)j(A w ) on 
(A w )^, see Sect. 14.51 to obtain a map 

(^w)j — >Hom k ((A w )^, (A 

It is immediate from the construction that, writing 7r : A§ — » (-A w )l) for the 
natural projection, one has 

&r(a)(7r(V)) = 7r(^a(a')) = ^({a^'}); Va,o' £ 

Therefore, skew-symmetry and Jacobi identity for the Poisson bracket on A^ 
imply similar properties for the bracket (A^)^ x (yl w )j — > (A w )j, ax a' i— > (p a (a'). 

Finally, it is clear that the map ^ : — > Der^ A w , considered above is a 
Lie algebra homomorphism. Therefore, we deduce that the map (p : (A w )^ — > 
HH^Aw) in (|7.1.3|l is a Lie algebra homomorphism, cf. also Theorem l7.2.3f ii). 

□ 

7.2 Main result. Let DR' R B be the Karoubi-de Rham complex of an R- 
algebra B. We define 

K' R B := Kcr [i A : DR' R B — > ti'^B] . 

The graded subspace K R B C DK' R B is stable under d, as well as under the 
maps Lg,ig, for any 9 G Der^ B, since «a either commutes or anti-commutes 
with these maps. 

For any inner derivation ad a, a G B R , by Corollary 13 . 2 . 31 we have i a da^ = 
a • iaw. Hence, we deduce WaW = 0, for any u> G K R B. In this case, we 
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also have L A< x a w — d°z a d a w + i a d a odu> = 0. We see that, when restricted 
to K R B, the operations ie,Lg depend only on the cohomology class of 9 in 
HH R {B) = Der# B j Inn# B. Thus, the complex K R B acquires a natural struc- 
ture of HH R (£>)-equivariant complex in the sense of Sect. 14.31 

Remark 7.2.1. According to |Cji2| . there is a natural graded space isomorphism 
K R B S HH*B. The above defined action of HH R (B) on K' R B then becomes 
part of the standard action of Hochschild cohomology on Hochschild homology 
mentioned in Sect. 4.5. This homological interpretation is not quite convenient, 
however, for performing Hamiltonian reduction. Thus, in the present paper, we 
will neither use nor prove the isomorphism K R B = HH^B. 

Note that since DRf^B = 0, for any oj G DR R B = B^, we have i&uj = 0. 
Thus, K R B = B^, and the HH R (B)-&ction on B^ is the action mentioned in 
Sect. 14.51 that has been already used in the proof of Proposition ^. 4. 31 

Now, let A be an i?-algebra, ui G DRjjA a closed 2-form, w G A a represen- 
tative of the class // nc (o;) G A/R. Below, we will consider the complex K R B 
for the algebra B = A w := A/AwA, the Hamiltonian reduction of A at w. Let 
u w G DR^A W denote the image of uj under the projection DR^A -» DR|.A W . 

Lemma 7.2.2. For any a G A w and 9 G Der^ A w , we have da, igw-w G K R Aw 
Furthermore, the map 9 i— > ieu-w kills inner derivations, hence, descends to 
a well-defined map i : HH^A^) — > if^(A w ). 

Proof. It is immediate that i&(da) — 0, hence da G K R A W . It is also clear 
that we have ia^ w = since w = in A w . Therefore, for any derivation 
9 G Der^Aw, we find ia(*0W w ) = — *e(*A<Av) = 0. Thus, we have proved 
that ie^-w G K^A^. Further, for a G A w , by Proposition I4.1.3( iii) we get 
*ada^w = « • dvf, which is equal to zero in DR^A W . □ 

Assume now that w is a bi-symplectic 2-form. Then we have the Lie bracket 
on provided by Proposition ^. 4. H and we consider the projection -» (A w )t,. 

The following Theorem, which is a strengthening of Proposition 14.4.31 is our 
main result about Hamiltonian reduction in noncommutative geometry. 

Theorem 7.2.3. (i) The bi-symplectic form to gives rise, canonically, to a 
Hamilton operator H w : K^A^) — ► HH^A^,) such that z Hw ( Q )Cj = a, for any 
aeK R (A w ), cf. :[E23- 

(ii) With the Lie bracket on (A w )^ induced by the Hamilton operator H w 
from (i), the natural projection A^ -» (A w )^ becomes a Lie algebra morphism. 

(iii) // the algebra A is smooth then the maps i and H w are mutually inverse 
bijections. 

From part (i) we deduce 

Corollary 7.2.4. The map H w is infective and the map i is surjective. □ 
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7.3 Proof of Theorem f7.2.3l First of all, Lemma l7TTT ii) yields the fol- 
lowing result. 

Lemma 7.3.1. Let lu 6 DR^A be a bi-symplectic form on A. Then, the bisec- 
tion i : J}er R A — > Q R A induced by uj restricts to an A-bimodule isomorphism 
i : hm R (A, A ® A) A- A (dw) A. □ 

Next, in the setup of Theorem 17.2.31 we introduce the two-sided ideal I := 
Aw A C A, and put 

Der R (A, I) := {9 e Der R A | 0(1) C 1} = {0 e Dcr fl A | 0(w) € 7}. (7.3.2) 

Further, consider the canonical surjection g : DK R A -» DH R (A W ), cf. 
and put DR^(A, J) := g" x {K R (A w )). Clearly, DR^(A,7) is a subcom- 
plex of the de Rham complex DR^ A 

Lemma 7.3.3. For the map H w : DR R A -» Der R A in ijlTTjl and any a £ 

DR^A, we have a € DK R (A, I) if and only if H u (a) £ T)er R (A, I). 

In particular, the map H w restricts to an imbedding DR R (A, I) Der^(A, I) . 

Proof. The map g used in the definition of DR^(A, I) is induced by the natural 
DG algebra projection g^ : Q,* R A -» QJj(yt w ) = fl R (A/I). Furthermore, for any 
k = 1, 2, . . . , we have a commutative diagram 

T>R k R A '-^^Q^A (7.3.4) 

Q en 

DR^(A//) — £l k R l (A/I) 

For k = 1, from the commutativity of the diagram, we deduce 

DR R (A, I) = g- 1 (K i(A w )) = £ DR^A | ZA a e /}. (7.3.5) 

Now, let a £ DR R A and let 9 = H a) (a) € Der^ A be the derivation corre- 
sponding to a via the bi-symplectic form. Thus, a = igui, by 1)4. 2. 2|) . Further, 
by Proposition ^. 2. 4T i) we have (9(w) = —i&a. The proof of the Lemma is now 
completed by the following equivalences 

a 6 DR R (A, I) i A a £ I 0(w) e I O 0eDer R (A,7). □ 



Any derivation £ Der^(A, I) induces a well-defined derivation (9 : A w — > 
A w . It is clear that Dei R (A, I) is a Lie subalgebra in Der/j A and the assignment 
i ► gives a well-defined Lie algebra morphism Der R (A, I) — > Derjj A w . We 
form the following composite 

$ : Der fl (A /) — > Der R A w -» Der R A w / Inn fl A w = HH R (A W ), 
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where the second map is the natural projection. Also, let \& be the restriction 
of the map g, cf. 1(7.3.4(1 . to the subspace DR^(A,I) C DR^A. 
According to Lemma 17 . 3 . 31 we obtain a diagram 

K R (A W ) DR R (A, Ber R (A, I) -?->. HH R (A W ). (7.3.6) 

Lemma 7.3.7. For a € DR^(A,I), we have *(a) = ^=> $»H [J (q) = 0. 

Proof. We need to introduce some auxiliary objects. Let 

I := Q R A-(I + dI)-Q R A C fl R A 

be the two-sided graded ideal in the algebra £t' R A generated by the spaces I C 
Q° R A and dl C fl R A. Note that 

Ir\fl° R A = I, and InQjjA = A(<2w)A + /-cL4-A + A-(2A-I. (7.3.8) 

Clearly, I is the smallest d-stable two-sided ideal in fl' R A that contains I. Fur- 
ther, formula 1(2.5.3(1 shows that, in the notation of diagram ((7.3.4(1 . we have 
I = Kergo- Thus, from the commutativity of the diagram, as in the proof of 
the previous lemma, we deduce 

DR R (A, I) = g- 1 (K R (A W )) = {a G DR^A | i A a G I}. (7.3.9) 

Given a vector subspace E C Q m R A, let \E\ denote the image of E under the 
projection fl R A -» DR^A. With this notation, we obtain 

K' R (A W ) = BR' R (AJ)/lIj = {ae DR' R A | i A a e (7.3.10) 

In particular, we see that [I] C DR^,(A, I), in other words, one has «a([I]) C I. 

We can now turn to the proof of the implication '=>' of the Lemma. The 
isomorphism in 1(7.3.10(1 and formula ((7.3.8(1 show that 

Ker^ = [Infi^A] = [A(dw)A+I-dA-A+A-dA-Ij = {1-dA+A'dwj. (7.3.11) 

Thus, it suffices to show that if a G [/• dA + A ■ dwj, then <I>° H u (a) = 0. 

Assume first that a G A-dw. Then, Lemma |7. 3. II implies that H w (a) is an 
inner derivation. It follows that the induced map A/ 1 — > A/ 1 is also an inner 
derivation, hence <I>o H w (a) = 0. 

Next let a = u dv G I ■ dA and put 9 := H LJ (a). The explicit formula for 
= H^a) provided by Lemma 17-l.llT l says that, for any a G A, we have 
8(a) = Q' v (a) ■ u ■ 0"(a). We see that u G I implies 9(a) G I, for any a G A. 
Hence, for a G I ■ dA, the corresponding derivation 9 induces the zero map 
9 : A/ 1 — > A/ 1, and we are done. 

We prove the implication '<='. Let 9 G Der R (A,I) be such that the induced 
derivation 9 : A w — » A w gives the zero class in ffif^,(A w ). This means that 
9 = £ + ad a, where a G A R and £ G Dev R (A,I) is such that f(A) C I. (Note 
that for any a 6 A, we have ad a(I) — [a, I] C I, hence Inn^ A C T)er R (A, I).) 
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Let a — igus E DR R A be the 1-form that corresponds to 9. We can write 
a = ijoj+iada^- By Lemma l7.3.1l wegetj a d a w S [L4(dw)yl] . Since [A(dw)A] C 
Ker'f, by (|7.3.11[1 . we conclude that i a da<^ £ Ker$. 

Next, given any 2-form (3 = xdydz, we deduce from the inclusion £(A) C / 
that in DR^A one has i^(xdydz) = x^(y)dz — xdy^(z) £ / • dA. Therefore, 
we obtain i^uj e [/ • dA] C Ker Thus, we have a = i^uj + i a da^ £ Ker <i>, and 
the Lemma is proved. □ 

Proof of Theorem \TlHl\ Lemma 17371 implies that the map H w : DR^(yl, /) -» 
Dern(A,I) sends the subspace Ker "J C DR^A, I) into the subspace Ker<i> C 
Dein(A, I). We see that this map descends to a well-defined and injective map, 
see diagram (17.3. fill : 

K R (A W ) = DR^(A,/)/Ker^ c ^ Der fl (^, /)/ Ker $ S Im $. (7.3.12) 

Composing the resulting map with the imbedding Im$ <^-> HH^A^,), we thus 
obtain an injective map H w : K R (A W ) HH^A^). 

The map H w satisfies all the identities required for a Hamilton operator. To 
check these identities, one chooses representatives in DR R (A,I) for classes in 
Kjj^Aw) and verifies the corresponding identities for those representatives. The 
latter satisfy the required identities due to the fact that the map H w : DRjjA — > 
Der/{ A in (|4.2.1[l is known to be a Hamilton operator. This completes the proof 
of parts (i)-(ii) of the Theorem. 

Assume now that the algebra A is smooth. Then, the map mj, : (Der^ A\ — > 
Dcr a A is a bijection, by Proposition 12.3.21 It follows that the map H u in 
l|4.2.1l) is also a bijection. Now, Lemma 17.3.71 shows that the latter bijection 
induces a bijection H w : DR^.(^4,I) A Der^(A, /). We see that, for the map 
H w : i^(A w ) HHpiAv,) defined above, we have Im(H w ) = Im(<f>). Thus, 
we are reduced to proving surjectivity of the map $, which is equivalent to 
surjectivity of the map Dein(A, /) — > Der^ A w , 9 i — > 9. 

To prove this last statement, we let / : A -» A/ 1 = A w denote the projection 
and consider the following diagram 

Der R (A/I, A/ 1) Der fl (A, A/I) J^— Der K (A, A) 

For a smooth algebra A the bimodule Q R A is projective. Hence, the functor 
T>eiR(A, — ) = Hom^c (£l R A, — ) is exact. We deduce that the map /* in the 
diagram above is surjective. Hence, for any 9 € DeiR(A/I, A/ 1) there exists an 
i?-linear derivation 9 : A — > A such that f*9 = f*9. From this equation we get 
f{9(I)) = (/*0)(J) = 0. Therefore, 9_e Bei R (A,I) and, furthermore, the map 
T>ein(A, I) — > Der^ A w sends 9 i — > 9. This completes the proof of surjectivity, 
hence, the proof of the Theorem. □ 

7.4 Proof of Proposition 15. l31 Set n := H°(B). This is a graded algebra 
with degree zero component being equal to B. 
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To prove the injectivity statement of part (ii) of the Proposition, we use 
the homotopy invariance of de Rham cohomology, see Lemma [2.5.21 We de- 
duce that (DR^rOciosod = (DR^jSjcioscd = R, where the last equality holds by 
assumption. 

Next, write w w for the image of u> in dr^il Since T*B is a smooth algebra, 
Theorem 17.2.31 implies that the map i : HH l R (JI) — > .ft^(II), 9 \— > ig£j w is a 
bijection. The bijection i clearly sends the derivation 9 p to the 1-form dp G 
DR 1 (I1). The latter is zero if and only if p G R, since (DR5jII) c i osc d = R. 
Thus, we have proved that 9 p is a nonzero element in Tiff ^(11), for any nonzero 
element p G H§/ R. 

Further, by Proposition 15.4. lT ii) . we have i(E) = ie<Av = A w , the image in 
DR^yl w of the Liouville 1-form A. The form A w is not exact. Indeed, we have 
dA w = cj W) and the latter form is nonzero since the map 9 i— ► igLu^ is a bijection. 

Thus, any nonzero element of k • Erje X. (U^/R) goes to a class u G iiff^. (II) 
such that i(u) ^ 0. Hence, « / 0, and injectivity of the map in part (ii) of 
Proposition 15 . 1 . 5l follows. □ 



8 The necklace Lie algebra 



8.1 Let Q be a quiver with vertex set I, and write Q for the double of Q. 
Let P := kQ be the path algebra of Q. The subalgebra ficP formed by trivial 
paths may be (and will be) identified with kl. 

Given an edge a G Q we write a* for the corresponding reverse edge. We set 
oj := J2aeQ da da* 6 DR^P. It is clear that dw = 0. 

The following result allows to apply the general machinery developed in the 
previous sections to algebras associated with quivers. 

Proposition 8.1.1. The path algebra P is smooth. Furthermore, we have 

(i) The assumptions of Proposition \ J^.l1\ hold for A — P, more precisely, 
one has 

H k (DR- Ii P) = { R lfk = ° (8.1.2) 
V R ' [0 if k> 0. V ' 

(ii) The 2-form uj is bi-symplectic. 

(iii) The following element gives a representative of the class /i nc (uj) G P/ R: 



(a-a* -a* -a) = J2 I a ' °*1 e [ P > P ] 



more precisely, we have w = /j, nc (u>). 

It is convenient to introduce a function e : Q — > {±1} by setting e(a) to be 
1 if a G Q and — 1 if a G Q \ Q. Then, wc may write w = J2 a eQ e ( a ) ' aa *' 

Proof of Provosition \8. 1~H For any two vertices i,j G /, let Eij be a vector 
space with basis {a} a :i-*j, formed by the set of edges (from i to j) of the quiver 
Q. The assignment sending a pair of edges a, b G Q to e(a) if b = a* and to zero 
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otherwise extends to a non-degenerate pairing Eij x Eji — > k. In particular, 
the pairing provides, for any i E I, the space E 1 ^ with a non-degenerate skew- 
symmetric bilinear form, and also gives rise to vector space isomorphisms Eji = 
E*j , for any pair i,jel,i^j. We set £7 := 0^ . £J E^- and extend the pairings 
above to a symplectic form (— , — ) : E x E — > k. 

The space E has a natural i?-bimodule structure, and the symplectic form 
(— ,— ) yields an i?-bimodule isomorphism S : E* A E, (— ,a) i — ► a*, where 
E* = Horrid (E, k), the k-linear dual of E, is equipped with a natural i?-bimodule 
structure. 

We have P = TrE, the tensor algebra of an i?-bimodulc. This implies, in 
particular, that the algebra P is smooth, as claimed in Proposition 18 . 1 . ll 

To prove Proposition 18.1. If ii) , we consider the following isomorphisms of 
P-bimodules 

Der fl (P,P(g)P) ^P® R E* ® R P ^ P <g> R E ® R P ^ O^(P), (8.1.3) 

F Id®S®Id G 

where the maps F, G are given, respectively, by 
6 i-^ ^ (6"a ® (a, ~) ® Q'a), resp., ^2 f a ® a ® 9a ^ ^2 fada g a . 

a£Q agQ a£Q 

It is straightforward to verify that the composite bijection in (|8.1.3|) is noth- 
ing but the map 8 t— > iquj. We conclude that w is a bi-symplectic 2-form on P. 

Since P is smooth, we deduce that the map i : Der^P — > DR^P, 8 \— » igui, 
is a bijection as well. This can also be seen directly from the following diagram 



Der^P 




DR^P, (8.1.4) 



where the maps E^ and are given by 

f v . e^j2 ® ( a > ->> G * : Z /a ® a ^ Z /a rfa 

In the formulas above, we view P as a right i? e -module, hence we have P® R eE = 
(P ® R E)/[R,P ®r Ej. The inverse isomorphism in (|8.1.4|l sends a 1-form 
^2 fa da G DR^.P to the derivation 9 such that 9(a) = f a * . 

The path algebra comes equipped with a natural grading P = © fc>0 Pfc, 
by length of the path. Using Lemma 12 . 5 . 21 on homotopy invariance of de Rham 
cohomology, we obtain formula (|8.1.2|l . Observe further that Po = R and 
[P,P] C © fc>1 Pfe- Therefore, we have [P,P] fl R = 0, hence the sequence 
l|4.1.5l) in Proposition 14. 1 .41 is exact for A — P. Thus, Proposition 14. 1 .41 holds 
for A = P. This completes the proof of part (i) of Proposition 18. l.ll 

Part (iii) is verified by a straightforward computation based on the last 
formula in Proposition ^. 1 .5T iii) . □ 
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8.2 Preprojective algebras. For any c £ kJ, one clearly has (w— c) mod i? = 

jU nc (co>). Write P(w — c)P for the two-sided ideal in P generated by w — c. The 
corresponding Hamiltonian reduction P/P(w — c)P is known as deformed pre- 
projective algebra, Tl c (Q) :— P/P(w — c)P. 

Remark 8.2.1. Let B = kQ be the path algebra of the quiver Q (not of Q). It is 
easy to see that there is a natural isomorphism P = T*B, where T*B — T*(kQ) 
is the algebra considered in Sect. 03 Furthermore, the bi-symplectic form 
SaeQ ^ ac ^ a *i on agrees with the bi-symplectic form on T*(kQ) constructed 
in Sect. Note, however, that the grading on P by length of the path differs 
from the grading on the algebra T*B used in Sect. [E] (this latter grading assigns 
grade degree zero to any edge a £ Q). 

Further, it has been shown in |CB2) that, in the notation of Sect. 0one has 
an algebra isomorphism H C (Q) = n c (k<3). 

For any dimension vector d = (e?.; £ Z>o, i £ /), one associates with P, resp., 
with n c (<5), the corresponding commutative algebra Od(P), resp., 0d(n c (<5)), 
see Sect. 6. The necklace Lie bracket induces Poison algebra structures on both 
O d (P) and d (n c (<3)), see Sect. EH Furthermore, according to Theorem IB1 
the scheme Rep(P, V), dim]/ = d, acquires a symplectic structure. This makes 
k[Rcp(P, V)] a Poisson algebra, and each of the following subalgebras is stable 
under the Poisson bracket 

k[Rep(P, V)] D k[Rep(P, V)f ^> k[Rep(n c (Q), V)f = k^' 1 (c)f . 

In the special case c = 0, we put II := P/PwP, the ordinary preprojective 
algebra. In Section 111. 51 we will prove 

Proposition 8.2.2. If Q is connected and not Dynkin or extended Dynkin, then 
its preprojective algebra II is prime, and has center Z(H) = kl. 

Next, recall the i?-bimodule E spanned by the edges of Q. The degree 
2 component of the algebra P is equal to E ®r E. Thus, using Sweedler's 
notation we may write w = w' ® w" £ E ®r E. With this notation, one has 
the following explicit description of the space of 1-forms, resp., of derivations, 
for the algebra II. 

Lemma 8.2.3. (i) The assignment p' (da) p" i— » p' (g) a®p" gives a Il-bimodule 
isomorphism 

R ~ n-(w' ® w" ig> i - 1 ® w' (g) w")-n 

(ii) The assignment 6 i — > 9(a*) (£> a induces a vector space isomorphism 
Der fl II^{V _p a ®ae(Il® R E) R \ V [p a ,a]=0}. 

* — 'aEQ * — 'a£Q 

Proof of the Lemma is straightforward and is left to the reader. 
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8.3 Necklace bracket. The bi-symplectic form ui gives a Lie bracket on P^, 
known as the necklace Lie bracket, see | BLB| .[GT ) . 

To write explicit formulas for this bracket it is convenient to introduce the 
following notation. Given a path p in Q of length £(p), for each integer 1 < i < 
£{p), let p<i, ai and p > i be the paths of lengths z — 1,1 and l(jp) — i respectively, 
with p = (p<i)ai(p > i). For each edge a 6 Q we introduce a map 

e( P ) 

da'-P^ — ► P, P i-» 9 a p := 5 0)0i • (p>i)(p<t) (8.3.1) 

i=l 

(where 5 is the Kronecker delta function). 

The proof of the next lemma will be given at the end of this section. 

Lemma 8.3.2. We have the following formulas: 

dp = ^2 (d a p)da holds in DR^P, Vp e P t . 
8 p (a) — e(a)-d a >p holds in P. Vp£P[,; 
{p,g}-V 7 .e(a*)-(d a p)(d a ^q), Vp,qeP^. 

By Proposition 14.4.31 11). we know that, for any c G R, the necklace Lie 
bracket on P^ descends to a well-defined Lie bracket on H C (Q)^, cf. also Propo- 
sition l5~l. 51 

From now on, we will only consider the case c = 0, so II = U°(Q). We set 

L-.= n^ = n/[n,n]. 

The grading on the path algebra P = © fc>n Pfc, by length of the path, 
descends to natural gradings II = fc>o life andX = fc>o These gradings 
make P^ and L graded Lie algebras, with necklace Lie bracket of degree (—2), 
e.g., for any k,m > 0, we have {Lk,L m } C Lk+ m -2 (the bracket vanishes 
whenever k + I < 0). 

Associated with the grading on n, we have the corresponding Euler deriva- 
tion eu : II — » II and a Lie algebra derivation eu Lio : L — > L defined by 
6u|i fc = (k — 2) • Id^,., for any k = 0, 1, ... . Our present notation for Euler 
derivations is different from the one used in Sect. since the grading on II that 
we are using now is not the one used in Sect. El 

8.4 Hochschild cohomology. We use the notation HH'(U) := H^(U,H) 
for relative Hochschild cohomology of the preprojective algebra II, cf. Remark 
14.5.11 According to Proposition 14.4.31 we have a Lie algebra map L = — > 
HH l (II) . As in Proposition 15.1.51 this map gives rise to a Lie algebra map 
k • eu Lic ix (L/R) — » iJff 1 (II), where the semidirect product k • eu Lic k (L/R) is 
viewed as a graded Lie algebra with eu Lic assigned grade degree zero. 

One of the main results of this paper, to be proved in §9, is the following 

Theorem 8.4.1. Assume that Q is neither Dynkin nor extended Dynkin. Then 
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(i) The map p i— > 9 P , eu Lic i— > eu, induces a graded Lie algebra isomorphism 

k- eu Lic k (L/i?) Der fl n/Inn Ji II = iff/ 1 (II). 

(ii) TTie Hochschild cohomology of the preprojective algebra is given by 

{k if i = 

k ■ eu Lio k (L/fl) if i = 1 

L if i = 2 

if i > 2. 

The isomorphism HH 1 (SI) = k • eu Lio X (L/R) in (|8.4.2[) can be shown to 
map the (Gerstenhaber) Lie bracket on HH 1 (II) to the bracket in the Lie alge- 
bra k • eu Lie k (L/R). Furthermore, one verifies that the Gerstenhaber bracket 
ifff^n) xHH 2 (SS) — > ffff 2 (n) corresponds, via formula for i = 1,2, to 

the adjoint action of the Lie algebra L/i? on L. Thus, Theorem l8.4.1l conrpletelv 
describes the Gerstenhaber bracket on the Hochschild cohomology of II. 

There is also an associative and graded-commutative cup-product HH 1 x 
HH 3 — > HH l+J on Hochschild cohomology. In the case of the preprojective 
algebra, the only non-trivial cup-product is the skew-symmetric pairing U : 
ffff 1 (n) x ffff 1 (n) — > ifff 2 (IT). It is easy to see that, under the isomorphism 
in (|8.4.2II . this pairing is given by the formulas 

eu U eu = 0, eu Up = (degp) -p, p U q — {p, q}, 

for any homogeneous elements p, q G L/R, (since R is central in L, the necklace 
bracket in the last formula is viewed as a map L/Rx L /R — > L) . 

8.5 Dynkin case. In the case of (finite) Dynkin quiver Q, the correspond- 
ing preprojective algebra n is not Koszul, in general, and there are nonzero 
cohomology groups HIP (SI) for i > 2. see |EEK] . 

Now let Q be an extended Dynkin quiver and let T C SL2Q&) be the finite 
group associated to Q via the McKay correspondence. It is convenient to in- 
troduce a 2-dimensional vector space V and write T C SL(V) — SL2(k). Also, 
put := r n {1} and let kf.y] 1 " denote the space of class-functions on S*. 

According to |GBH| . the preprojective algebra II = SS°(Q) is Morita equiv- 
alent to k[V]tir, the cross product of T with the polynomial algebra on V. 
Thus, by Morita invariance of Hochschild cohomology, we have HH'(SS) = 
HH' (k[V](tr). Further, the algebra k[V] , hence the cross product algebra k[V]jJF, 
is Koszul. Therefore, for Hochschild cohomology one easily finds 



iffp(n) ^ ifff l (k[y]ttr) = < 



'k[Vf if i = 

(k[V\ ®V) r if i = 1 

(k[,y](Sk[V]) r ® A 2 F if i = 2 

if i > 1. 



.5.1) 
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In formula (|8.5.1|l . the space (k[V] <g> V) r stands for the Lie algebra of P- 
invariant polynomial vector fields on V. Note that we may interpret L/R = 
H\f/R = (k[V]$r)^/R as the Lie algebra of T-invariant Hamiltonian vector fields 
on V. Thus, we see that the semidirect product k • eu x (L/R), occurring in 
formula i|8.4.2|) . is a proper Lie subalgebra in (k[V] <S> V) r . Observe also that 
the group L acts trivially on A 2 V. Thus, k[V] r <S> A 2 V = (k[V\ <g> A 2 V) r , is the 
space of L-invariant polynomial bivector fields on V. This is clearly a rank 1 
free k(V] r -module with generator it 6 A 2 V, the constant volume element. 

Further, by the general duality between Hochschild homology and cohomol- 
ogy due to Van den Bergh |VBlj . see l|4.5.2|l - (|4.5.3l) . one has a canonical iso- 
morphism A 2 F(g>Hfl.(k[F]tfr) ^ HH 2 ~'(k[V]tT). Therefore, the isomorphisms 
in l|8.5.1l) yield formulas for Hochschild homology of the algebra n as well. In 
particular, we get a chain of isomorphisms 

(k[y\ © k[V]f A A 2 V* <g> HH 2 (U) A HH (I[) = Bq. (8.5.2) 

The composite isomorphism in (|8.5.2[) can be described explicitly as follows. 
The restriction of this map to the direct summand kf^] 1 " is obtained as a 
composition k[^] r i?o > R '— > !![,, where we have used the notation Rq := 
{r = r i e i £ R I X) r i — 0} and the first of the above maps is explained e.g. in 
CBH . The restriction of the composite in 18.5.21) to the direct summand k[V] r 
is equal to the composition 

k[vf — k[y]#F _» (k[v]$r\ ^ n b , 

where the first two maps are the natural maps and the rightmost isomorphism 
is provided by Morita equivalence. 

8.6 Poisson algebras. Let R[w] c P be the subalgebra generated by R 
and w, and let R[w] C P|j denote the image of R[w] under the projection 
r\ : R[w] <^-> P -» P/[P,P] = P^. The imbedding of vector spaces R[w] <^-> 
Plj extends, by multiplicativity to an injective graded algebra homomorphism 
Sym(i?[w]) <—* Sym(P[,), of the corresponding symmetric algebras (over k). 

The Lie algebra structure on P^, resp., on D^, gives the symmetric alge- 
bra Sym(P[]), resp., Sym(n(]), the structure of a Poisson algebra. By Lemma 
14.4.21 the space R[w] is contained in the center of the Lie algebra P^, hence, 
Sym(i?[w]) is a central subalgebra of the Poisson algebra Sym(Pjj). 

Similarly, the imbedding R =— > makes Sym R a central Poisson subalgebra 
in Sym(nt,). 

The third important result of this paper is the following theorem, to be 
proved in Section 1771 below. 

Theorem 8.6.1. Assume that Q is neither Dynkin nor extended Dynkin. Then 
(i) The Poisson center of the algebra Sym(Pj|) is equal to Sym(_R[w]). 
Furthermore, the kernel of the natural projection Sym(i?[w]) — » Sym(i?[w]) 

is a principal ideal in the algebra Sym(i?[w]) generated by the element w G 

Sym x (Jl[w]) =i?[w]. 
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(ii) The Poisson center of the algebra Sym(II[]) is equal to Symi?. 

Corollary 8.6.2. If Q is neither Dynkin nor extended Dynkin, then we have 

(i) The center of the Lie algebra equals -Rjw]; moreover, the kernel of the 
projection rj : R[w] -» i?[w] is the line spanned by w. 

(ii) The center of the Lie algebra equals R. □ 

8.7 Proof of Lemma l8.3.2l First, fix an arbitrary derivation 9. We compute 
ieuj = ig{ > dada*)=y (ieda)da*~y daiieda*) 

y ^aeQ ' ^aGQ K ' ^a€Q V ' 

= Y2 eQ (%) da * - da 6 '( a *)) ( 8 - 7 - 1 ) 

= e g £ ( a ) ' 9 ^> da * mod P' n R P }- 

Next, let p = (p<i)ai(p > i) be a path in Q. For the 1-form dp G DR/JjP = 
fiJjP/p.ftkP], we find 

i( P ) t{ P ) 
dp = Y^iP<i) da i {p>i) = J](p>i)(P«)<k< mod[P,f^P]. (8.7.2) 

i=l i=l 

Now, let 9 : P — » P be the derivation that annihilates k/cP and acts on 
generators of P by the formula a i — > e(a) • 9 a *p. For this derivation, we obtain 

i e w = }^e(a*)-5 ajai • (p>i)(p<,) cfa* = >^(p>i)(p<i) (faj = dp- 

afEQ i=1 1=1 

We see that the derivation satisfies the same equation iguj = dp as the 
derivation 9 P attached to the image of p in P^ via the map (|4.2.3fl . Hence, 
9 = P and, therefore, 9 p (a) — e(a) ■ d a *P- 

The rest of the proof is straightforward and is left to the reader. □ 



9 Proof of Theorem 18.4.11 

9.1 Given a Z-graded vector space M = (BkczMk, let P(M,t) — 
dimMfc -t k G k[[t, i -1 ]] denote its Poincare series. If each graded piece Mfc 
is an i?-bimodule, then one can define a refined matrix-valued Poincare series 
-Pmatrix(-W, t), that is an / x /-matrix whose entries are elements of k[[t,t -1 ]] 
given by P ma trix(-^> t)ij Sfcez dim(eiMej) ' t k > G I- With this notation, 
we have 

P(M R ,t) = TrP matrix (M,i). (9.1.1) 
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9.2 From now on, we assume that Q is neither Dynkin nor extended Dynkin. 
We are interested in the Hochschild cohomology HH m (lV) of the algebra II. 

Observe that the natural grading on II induces a grading on each Hochschild 
cohomology group. 

Lemma 9.2.1. The groups HH l {Y\) vanish for all i > 2, and we have 

P(HH°(U),t) -P(HH\ll),t) + P(HH 2 {Il),t) = \I\. 

Proof. Since Q is neither Dynkin nor extended Dynkin, the algebra II is known 
to be a Koszul algebra, see [MV] , [MOV] . Specifically, a IT-bimodule resolution 
of II is provided by the following Koszul complex 

(o n (8> fl n — >n® fl £® fl n — »n® K n) ™ n, (9.2.2) 

where E denotes the i?-bimodule generated by the edges of Q. Therefore, the 
Hochschild cohomology of n may be computed by applying Homn_bimod(— , n) 
to the complex above. This way, we get the following complex 

U R — >(n®E) R — >tt R . (9.2.3) 

The vanishing part of the Lemma is now clear. 

Let Xmatrix denote the matrix-valued graded Euler characteristic, that is, 
the alternating sum of the matrix-valued Poincare series of the complex n — > 
n ® E — > n. The matrix Xmatrix is easily expressed in terms of the matrix 
P := Pmatrix(n, i) and the adjacency matrix C of the graph Q by the formula 

Xmatrix = t 2 ■ P '- t ■ P ■ C + P ' 

Further, by formula 1)9.1.1(1 . the Euler characteristic of the complex ((9.2. 3|l 
is an element of k[[£]] which is equal to Tr(x matr i X )- Now, according to [MOV], 
one has a matrix identity P = 1/(1 — C ■ t + t 2 ). Thus, we compute 

Tr(x ma trix) = Tr(t 2 • P - t ■ P ■ C + P) = Tr(P • (1 - C ■ t + t 2 )) = Tr(Id) = |/|, 

and we are done. □ 

9.3 Proof of formula ^8.4.2(1 . Case i = of the formula follows from Propo- 
sition (to be proved later, in Sect. lll.5fl . 

Next, one observes that the complex inside the parenthesis in 1(9.2.2(1 is self- 
dual. In other words, applying the functor Homn-bimod(— , n<g>n) to this complex 
one obtains the same complex again. Therefore, using ((9.2.211 as a resolution 
for the computation of Ext^_ bimod (n, n ® II), we see that the only nonzero co- 
homology group sits in degree two and we have Extn_bi mo d(n, n ® n) =11. We 
conclude that formula ((4.5.5(1 holds for the algebra A — H and d = 2. Thus, 
from Van den Bergh's isomorphism 1(4.5.21) we deduce HW{li) = HH 2 -i(Q), for 
any i. In particular, we get HH 2 {Il) = HH (tt) = 11/ [II, II] = L. 
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We have already computed HH l (T\) for i = 0, 2. Furthermore, we know that 
HIT 1 (II) = for all i > 2, by the first claim of Lemma f9. 2. II Therefore, from 
the formula for the Poincare series given in Lemma T9. 2. II we deduce 

PiHH^U)^) = -\I\ + P(HH°(U),t) + P(HH 2 (U),t) 

= -\I\ + P(Z(U),t) + P(L, t) = P(L, t) - \I\ + 1 
= P(L/R, t) + 1 = P(k • eu Lic k (L/R), t). 

By comparing the two sides, we see that the case i = 1 of Ij8.4.2|l . as well as 
part (i) of the Theorem, follows by dimension argument from the injectivity 
statement in Proposition l5 . 1 . 5l This completes the proof of formula 18.4.21) . □ 

10 Deformations of the preprojective algebra 

10.1 It is well-known that first order infinitesimal deformations of an asso- 
ciative algebra are controlled by the second Hochschild cohomology group, and 
obstructions to deformations are controlled by the third Hochschild cohomology 
group. Thus, according to formula (|8.4.2|l . first order infinitesimal deformations 
of the preprojective algebra II are unobstructed, and its versal deformation is 
parametrized by the vector space L. 

We will show that, in the non-Dynkin case, any formal (infinite order) one- 
parameter deformation of the algebra II is equivalent to one obtained by de- 
forming the defining relation in the preprojective algebra as follows: 

where t is the deformation parameter and / is an element of P[[i]] that commutes 
with R. 

In more detail, from the general formula l|2. 2.3(1 applied to the algebra A = II 
we deduce that one can find a graded subspace Pl CP R which is complemen- 
tary to the graded space Ker[P -» L] = [P,P] + PwP C P, i.e., such that we 
have 

P = P L 0([P,P]+PwP), and P L cP R . (10.1.1) 

We fix such a subspace Pl once and for all, and also choose and fix a graded 
k-basis {fj}jeN of Pl- For each j e N, introduce a formal variable tj that may 
be thought of as the j-th coordinate function on Pl with respect to the basis 
{/,• Iv"- 

Given a Ik-vector space V, write V[[t]] :— limproj V[[ti, t n ]] for the vector 

n — >oo 

space of V- valued formal power series in the (infinitely many) formal variables 
tj. Thus, k[[t]] is a complete topological local k-algebra with maximal ideal 
(t) C k[[t]] formed by the series without constant term. For any V, the space 
V[[t]] acquires a natural structure of complete topological k[[t]]-module. In 
particular, we have a k[[t]]-module Pi[[t]]. Observe that the identity map 
Id : Pl — * Pl may be viewed as an element of Pi[[t]] that has the form 

J2j£N tj ' fj- 
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Wc define a formal deformation, II, of the preprojective algebra IT as the 
quotient of the algebra P[[t]] modulo the closed two-sided ideal (topologically) 
generated by the element 

V [a,a*]-V tj-fj. (10.1.2) 

Thus, II is a complete topological k[[t]]-algebra that may be thought of as a 
deformation of II with formal parameters {tj}, i.e., the base of the deformation 
is Spec(k[[t]]J, a formal scheme. 

Theorem 10.1.3. If the quiver Q is not Dynkin (but possibly extended Dynkin) 
then the deformation II is flat over k[[t]], and is a versal deformation of IT. 

10.2 We begin the proof of Theorem 1 1 U . 1.31 with an easy lemma. 

Let the vector space IT = IT <g> k[i]/(i 2 ) be equipped with a k[t]/(t 2 )-algebra 
structure given by a star-product of the form p, q i — ► p * q = pq + t ■ f3(p,q). 
Thus, IT is a first order deformation of the algebra IT. We write [0\ G HH 2 (H) 
for the Hochschild cohomology class corresponding to this deformation. 

Recall the notation H R for the centralizer of R in IT. 

Lemma 10.2.1. Assume that in IT we have 

(a * a* — a* * a) — t ■ c mod(i 2 ), for some cEll R . 

a£Q 

Then, the class [0\ S HH 2 {H) goes, via the isomorphism HH 2 (J\) A L of The- 
orem \8.4.1\ cf. also Sect. I #..51 to the image of c G IT under the projection 

n -» n/[n,n] = l. 

Proof. Recall that the Koszul resolution (|9.2.2|l of the algebra IT admits a stan- 
dard imbedding, as a subcomplex, into the Bar-resolution of IT: 

Koszul: n® g n ^ n ® R e® r n ^ n ® R n (10.2.2) 

Id 

Bar: ii ® R t' r u ® r it — ^-n^n^n n ®r n, 

In this diagram, i\ is a IT-bimodule map induced by the natural imbedding 
E ^ Ii and 12 is a IT-bimodule map defined by the formula 

i 2 : p®q 1 — > (p (8> a ® a* ® q - p (g) a* ® a (g> q). 

a£Q 

Now, given a deformation of IT as in the lemma, the class [/3] G HH 2 (H) 
corresponds to a 2-cocycle in Homn-bimod(II <3r T R Il <8>_r IT, IT) given by 

0: nigjflT^n®/?, n — > n, p®u<g)v<s>qi — > p ■ p(u,v) ■ q. 
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It is clear that, under the imbedding of complexes 1)10.2.21) . the cocycle (3 restricts 
to a map i^iP) € Homn-bimod(n ®r II, II) such that i%{f}) : P ® 1 1 — ► P ' c ■ ?■ 
Hence, the cohomology class of i^ifi) in the complex i|9.2.3|) is represented by 
the element c £ IT**. The lemma follows. □ 

10.3 By Theorem l8.4.1l we know that deformations of II are unobstructed. 
Thus, general deformation theory implies that there exists a formal flat multi- 
parameter deformation II of the algebra II, parametrized by the formal neigh- 
borhood of zero in 

Recall that we have chosen a vector space Pj, C P. It is clear from (|ll).l.lfl 
that the projection P — » L induces an isomorphism —> L. 

We use the last isomorphism to identify HH 2 (H) with P^. Thus, the de- 
formation II becomes parametrized by the formal neighborhood of zero in P^. 
Therefore, there exists an i?[[t]]-bimodule isomorphism II = II[[t]], equal to the 
identity modulo the ideal (t), in the notation of ijlO.ll We transport the alge- 
bra structure on II to II [[t]] via that isomorphism. This way, we make n[[t]] a 
complete topological k[[t]]-algebra, to be denoted *II[[t]]. 

Further, for each k > 0, let n[[t]]jt denote the space of II-valued series 
homogeneous in tj's of degree k. Writing a power series in the variables tj 
as P = J2k>o P fc ' P k "= n[[t]]fc, yields a direct product decomposition II[[t]] = 
Ilfe>o n[[t]]fe. Thus, multiplication in the algebra *n[[t]] takes the form of star- 
product: 

{p,q)^p*q=pq + /3i(p, q) + f3 2 (p, q) + . . . , k ■ H X n — > E[[t]]*. 

10.4 We return now to the setup of Theorem 1 1 . 1 . 31 and consider the k[[t]]- 
algebra II. In Sect. 110 .51 we will prove the following 

Lemma 10.4.1. There exists a continuous algebra automorphism <fi : k[[t]] A 
k[[t]] and a continuous h-algebra isomorphism $ : II A *II[[t]] such that 

• The map $ is tp-semilinear, i.e., for any f G k[[t]] and p 6 II, one has 

Hf-P) = y{f)-${P); 

• The differential of if at the origin G Pl equals dip — Id : Pl — ► Pi , the 
identity map. 

This Lemma easily implies Theorem 1 10. 1.31 Indeed, the deformation *LI[[t]] 
being flat by construction, it follows from Lemma f 1 . 4 . II that the deformation 
II is also flat and provides a versal deformation. The theorem is proved. □ 

10.5 Proof of Lemma llO.4.11 Recall the vector space Pl C P and let Hl 

denote its image under the projection P -» II. By l|lU.l.lf> . we have 

n = n L 0[n,n], and u L cu R . (10.5. 1) 

Furthermore we have natural isomorphisms Pl A 11^ A L, where the first map 
is induced by the projection P -» II and the second map by the projection 

n -» l. 
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Next, we introduce the notation m for a multi-index, that is for a function 
m : N — > {0, 1, . • .} such that m(j) = for all but finitely many j's. Given such 
a multi- index m, write t m := t m ^ t m ^ . . ., for the corresponding monomial in 
the variables tj. Put |m| = Y^,jeN m ti)- 

To prove the lemma, we must show that there exist algebra homomorphisms 

$:n->*n[[t]], and tp : k[[t]] -»• k[[t]], t .— ► <p(t) =: t' = {t'j} jeN , 

where tj = tj + J2\ m \>i A t mi m , Km G k (formal change of variables), such that 
$ is the identity in degree and $(a) = a + J2\ m \>a^ m Zm ( a ) f° r eacn e< ^S e 
a e Q. (here if a £ e-iUej then z m (a) also must belong to eiHej to ensure the 
relations between projectors ej and a are respected by $). 

We construct $ by induction in |m|. First we consider the case |m| = 1, i.e., 
i m = tj for some j. 

In the algebra *II[[t]], we have an expansion 

J2(a*a* -a* * a) = *™ ' S/m, 2/m 6 Tl R . 

aeQ |m|>0 

Hence, Lemma fl0.2. II implies that the image of y m € II under the projection 
to L is equal to /j. Therefore, the element Zj(a) in the expansion ^(a) = a + 
S| m |>o t m z m {a) must satisfy the equation 

Now, since yj projects to fj 6 L, we have /, — yj £ [II, EE]. Since [II, II] is 
spanned by elements of the form [a,z], [a*,z] we see that the above equation 
does have some solution Zj(a). 

Next, let |m| > 2. Then, the elements z m (a) are determined by the equation 

y m + '^2([a,z m (a*)} + [z m (a),a*})+ ^ /} z k(a), Zl{a*)] € Hl- 

a k+l=m,|k|>0,|l|>0 a 

This equation again has solutions, since II = [IT, II] © iT/, and II ^ C H.^, by 
<|1(J.5.1[1 . For such a solution, we have 

y m +^2([a,z m (a*)] + [z m (a),a*})+ ^ y^[2fc(q), 2=1(0*)] = ^ Ajm/j. 

o k+l=m,|k|>0,|l|>0 o 

Continuing so, we obtain z m (a) for all m, and we see that because of the 
construction of z m (a), $ indeed defines a homomorphism as required, with tj = 

tj + S|m|>l Kmt" 1 - 
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11 Representation schemes 



11.1 Stabilization. Fix a quiver Q with vertex set I and let R = hi. 

Let ai, . . . ,a p G kQ be a finite (possibly empty) collection of homogeneous 
elements in the path algebra of Q, of some degrees dega^ > 2. Let 21 C kQ 
denote the two-sided ideal generated by the elements a%, . . . ,a p , and set A — 
kQ/%1. Thus, 21 is a graded ideal and A = © r > A(r) is a graded algebra such 
that A(0) = R. 

Let d = (di G Z>o, i G /) be an /-tuple, to be referred to as dimension 
vector. Let V = © ie j be an i?-module such that dimVi = di, Vi G /. We 
will write Rep(A,d) := Rep(A, V) for the corresponding representation scheme 
and, following Sect. O put G d := (JL GL(^)) /<G m . 

We consider the algebras O d (A) and k[Rep(A, d)] Gd , cf. Sect. O The 
grading on A makes Od(^4), resp., k[Rep(A, d)] Gd , a graded algebra with re- 
spect to the total grading O a (A) = ® r>0 O A (A)(r), resp., k[Rep(A, d)] Gd = 

© r > k[Rep(A,d)] G <*(r). 

In (|6.2.1|l . we have defined an algebra map = Tr - evd : O a {A) — > 
k[Rep(A, d)] Gd . This map is clearly a graded algebra homomorphism. 

The following result is a refined version of the 'stabilization phenomenon' 
observed in §4]. 

Proposition 11.1.1. For any positive integer r, there exists N(r) 3> such 
that the following holds: 

If d = {di}i(zi is such that di > N(r) for all i G I, then the map ipd : 
0(A)(s) — > k[Rep d A] Gd (s), the restriction of ipA to the homogeneous compo- 
nent of degree s, is a bijection for all < s < r. 

First, we are going to prove the proposition in the special case where 21 = 0, 
that is, for A = kQ. In this case, we have Rep(A, d) = Rep(Q, d) is the variety 
of d-dimensional representations of the quiver Q. This variety is a vector space. 

Lemma 11.1.2. Provosition \ll.lJ\ holds for A = kQ. 

Let L denote the direct sum of homogeneous components of (kQ)^ of strictly 
positive degrees. Thus, we have a vector space direct sum decomposition (kQ);, = 
i?(J)L. The composite Sym(L) <—* Sym((kQ)^) -» Od(kQ) is clearly a graded 
algebra isomorphism. 

The proof of Lemma 111.1.21 given below copies the argument in the proof 
of [Gil Proposition 4.2]; it is based on the fact that there are no polynomial 
identities which are satisfied in matrix algebras of all sizes. 

Proof of Lemma \ll.l.<H To simplify the exposition, we will present the proof in 
the case where Q has one vertex and two edge-loops at that vertex; the general 
case is entirely similar. Thus, d = d is a single integer, so Rep(Q, d) is the space 
of pairs of d x d-matrices X, Y, and the vector space L is spanned by nonempty 
cyclic words w in the alphabet with two letters x, y. 
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Assume the statement of the lemma is not true. Thus, there exists an element 
g € SymL such that tpd(g) = for all d. In other words, we have a relation of 
degree r of the form 

^ cj • J] Tr(w(X, Y)) J W = o. ( C/ 6 k ) 

w 

which is satisfied for any matrices X and Y. Here J is a function on the set of 
cyclic words with nonnegative integer values and finite support. 

We may assume without loss of generality that at least one cyclic word 
present in this relation involves x. Let us differentiate the relation with respect 
to X. We get 

EE J ( u )- c ^Il Tr ( w ( x ' r )) JW " 5l " u • E («*+i...t*-i)(*,y) = o, 

J u w k:u k =x 

where Uk is the k-th letter of the word u (we choose a representation of every 
cyclic word by a usual word, and agree that m ± 1 = ±1 if it has length m). 
But for large enough d, all words of length < r of matrices X, Y are linearly 
independent for generic X, Y (for example, take X, Y to be the operators by 
which x, y act in the quotient of the free algebra in x, y by the r-th power of the 
augmentation ideal). Thus, we have 

e j w °j n mmx, Y)yw- 5 <™ = o 

J w 

for each u which contains x. This gives a relation of degree smaller than r, so 
we are done by using induction. □ 

Proof of Provosition Vri.l.l\ The algebra projection k.Q -» A makes Rep(A, d) 
a closed subscheme in Rep(kQ,d), not necessarily reduced in general. The 
defining ideal of this subscheme is generated by the matrix elements of the 
matrix valued functions Si, . . . ,a p . 

To avoid confusion, we will use boldface notation for the map i/> d : Od(kQ) — * 
k[Rcp(Q, d)] Gd and reserve the notation ipd for the map Oa(A) — > k[Rep(A, d)] Gt 

Assume the statement of the proposition does not hold. Then there exists 
a homogeneous element g G Od(A), of degree < s < r, and a dimension 
vector d such that di > N(r), Vi, and such that one has ipd(g) — 0. Let g 
be a representative of g in Sym(L). Thus, 'ipdig) is a degree r homogeneous 
polynomial on the vector space Rep(kQ, d). 

By construction, the polynomial ip^(g) vanishes on the subscheme Rep(A, d). 
Hence, ip^ig) is a Gd-invariant homogeneous polynomial that belongs to the 
ideal generated by the matrix elements of the functions a%, . . . ,a p . Therefore, 
using Wcyl's first fundamental theorem of invariant theory we deduce that xp d (g) 
is a linear combination of products of the form Tr(wi) • . . . -Tr(u) TO ) - TTiwm+iaj), 
where j £ and wi, . . . , w m +i are certain paths in Q of total length i(wi) + 
. . . +£(w m+ i) +£(a,j) = r. 



58 



Now, Lemma H 1 . 1 .2l savs that the element g must be equal to the correspond- 
ing linear combination of the elements w\k, . . . &zw m &z(w m +iaj) £ Sym m+1 (L). 
It is clear that all elements of this form generate the kernel of the algebra pro- 
jection Sym(L) -» Od(A). It follows that g — 0, as desired. □ 

11.2 Quiver varieties. Let Q be the double of a quiver Q, and write P := kQ 
for the corresponding path algebra. 

For any dimension vector d > 0, the vector space Rep(Q, d) = T* Rep(Q, d) 
is equipped with a natural symplectic structure. It is easy to see that the 
corresponding symplectic 2-form on Rcp(Q,d) equals TrcD, the image of the 
2-form uj £ DR^,P under the evaluation map, see Sect. 16.21 

Fix a dimension vector d. Recall that the Lie algebra jjd = LieGd, as well 
as its dual g d , are both identified with the a codimension 1 hyperplane formed 
by the /-tuples (xi £ Lie GL(dj))j S j such that Trxj = 0. 

The group Gd acts linearly on Rep(Q,d). This action is Hamiltonian, see 
Sect. 16.21 and the corresponding moment map reads, cf. [CB1 : 

H : Re P (Q, d) — > fld , p — > »(P) = E ( 1L2 - 1 ) 

In this section, we are interested in the algebra II, the preprojective algebra 
of Q. We have II = P/Sl, where 21 is the two-sided ideal generated by the 
single element w = X^ogqI ' *]- ^ ne a lgebra II is the Hamiltonian reduction 
of P with respect to this element. The projection P -» II makes Rep(II, d), the 
scheme of all d-dimcnsional representations of the algebra II, a closed subscheme 
in Rep(Q,d). We have Rep(II, d) = /i _1 (0), the scheme theoretic zero fiber of 
the moment map. 

We let M(Q, d) := Speck[Rep(II, d)] Gd be the corresponding categorical 
quotient, an affine subscheme of Rep(Q, d)//Gd := Speck[Rep(Q, d)] Gd of finite 
type. The scheme M(Q,d) is called quiver variety, it is a Poisson scheme 
that may be thought of as a hamiltonian reduction of Rcp(Q, d). By Theorem 
16.4.31 the map tpd : Od(P) — ► k[Rep(Q, d)] Gd is a surjective morphism of 
graded Poisson algebras that descends to a surjective graded Poisson algebra 
homomorphism ip d : O d (n) -» k[M(Q, d)] Gd . 

11.3 We need to recall some results from |CB1| about quiver varieties. Let 
G denote the adjacency matrix of the quiver Q and write A = 2Id — G for 
the corresponding Cartan matrix. Define the Tits quadratic form on the vector 
space k^l by the formula 

«(d) = i(d,Ad). 

Let p(d) = l-g(d). 

Let i?+ be the set of positive roots of Q. Let Eo denote the set of positive 
dimension vectors f3 such that whenever (3 is written as a sum of two or more 
positive roots, (3 — f3i + ... + j3 m , one has p(/3) > p{fti) + ... + p((3 m ). 
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Theorem 11.3.1. ( JZMjJl )- (0 d e So if and only if there is a simple repre- 
sentation of II with dimension vector d. 
J/deE then: 

(ii) the schemes Rep(II, d) and A/(Q,d) are reduced, i.e., they are affine 
algebraic varieties. Moreover, these varieties are irreducible, and their generic 
points correspond to simple representations; 

(iii) Rep(II,d) is a complete intersection in Rep(Q,d). 

(iv) The Poisson structure on M(Q,d) is generically symplectic. □ 

One can pull-back polynomial functions via the moment map l|11.2.1|l . This 
yields an algebra homomorphism /i* : k[gd] k[Rep(Q, d)], and we have 

Corollary 11.3.2. Assume that d £ Eo- Then the Poisson center of the alge- 
bra k[Rep(Q, d)] Gd equals p* (k[gd] Gd ) , the pull-back of the algebra of AdGd- 
invariant polynomials on the Lie algebra Qd- 

Proof. The assumption on d insures that the moment map /i : Rep(Q, d) — > $jd 
is flat, in particular, it is surjective. This follows from Theorem II 1 .3. if iii) . 
since the dimension of any fiber of /i is not less the dimension of the zero fiber, 
and the latter is a complete intersection. Furthermore, all fibers of fj, are irre- 
ducible. To see this, let x £ gd- The standard increasing filtration on the algebra 
k[Rep(Q, d)], by degree of the polynomial, induces an increasing filtration on 
the quotient algebra k[/i _1 (a;)]. It is well known that, since fj, is flat and the 
zero fiber of p is reduced, for the corresponding associated graded algebra, one 
has grk[/i" 1 (x)] = k[/i -1 (0)]. But, the scheme A* _1 (0) is irreducible by Theorem 
111. 3. If ii). It follows that the algebra k[^ _1 (0)], hence also k[/z _1 (a;)], has no 
zero-divisors. Thus, the scheme p~ x (x) is irreducible as well. 

Next, we claim that for any sufficiently general AdGd-conjugacy class C 
Qd, the preimage /i _1 (0) is a smooth submanifold in Rep(Q, d) and, moreover, 
the action of Gd on /i _1 (0) is free. Indeed, the former statement follows from 
the latter by general properties of moment maps. To prove the freeness, we let 
the conjugacy class be such that any x € is a diagonalizable endomorphism, 
say x — diag(s!, . . . , s^), and, in addition, such that for any proper subcollection 
S C {si, . . . , Sd} one has ^ J2 s eS s - P e be a representation of Q 

and assume that E C k d is a nontrivial subrepresentation. Therefore, the vector 
space E is p(a)-stable for any endomorphism p(a), a 6 Q. Hence, we must have 
Ttx\ e = J2a£Q Tl (iP( a )\E, p(a*)\ E }) = 0, cf. (3X23). On the other hand, it is 
clear that E is the span of certain eigen-spaces of x and thus Trx|s = X^es s ' 
for some subcollection S C {s\, . . . , Sd}, where |5| = dimE. This contradicts 
our condition on the eigenvalues of x. We conclude that any point p G /i _1 (0) 
is an irreducible representation of Q, and our claim follows by the Schur lemma. 

Thus, we have proved that for any sufficiently general Ad Gd-conjugacy class 
C fldj the preimage /x _1 (0) is a smooth submanifold with a free Gd-action. 
This implies that all Gd-orbits in /i _1 (0) are closed and correspond bijectively 
to points of the categorical quotient /i _1 (0)//Gd = Speck[/i _1 (0)] Gd . Further- 
more, the categorical quotient is a smooth affine symplectic algebraic variety. 
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Now, let F be a central element of the Poisson algebra k[Rep(Q, d)] Gd . 
Then, for any general conjugacy classes 0, the restriction of F to /i -1 (0) is 
a central element of the Poisson algebra k[/i _1 (0)] d = k[/i _1 (0)//Gd]. The 
variety ^~ 1 (0)//Gd being symplectic, we deduce that the polynomial F must 
be constant on connected components of any general fiber of the moment map. 
Further, we know that any such fiber is irreducible, hence connected. Thus, F 
is constant on general fibers. We deduce, since 0d is smooth, that F = (a*(F) 
for some F 6 k[fla]. Finally, since F is Gd-invariant, one may arrange that 



We will also use the following Lemma, which follows from CB1 : 

Lemma 11.3.3. Assume that Q is neither Dynkin nor extended Dynkin. Then 
for any integer N > 1, the set of vectors d G So such that di > N for all i is 
Zariski dense in hi . 

Proof. According to Corollary 5.7 of |UB1) . So is the set of all nonzero dimension 
vectors d such that for any nonzero dimension vectors a, (3 such that a + /3 — d, 
one has (a, A/3) < — 2. 

Recall that the fundamental region is the set of nonzero dimension vectors 
d with connected support such that ■ aijdj < for all i. 

Assume that d is in the fundamental region and (d, ^4d) < 0. Then for any 
nonzero dimension vectors a, (3 such that a + (3 = d, by Lemma 8.2 of |CB1| one 
has (a, A/3) = (d — j3, Af3) < 0. But it is clear from the definitions that (/?, A/3) 
is an even integer for any integral vector [3. This implies that if in addition all 
di are even then (a, A/3) = (d — (3, A/3) < —2. Thus, if d is in the fundamental 
region, (d, ^4d) < 0, and di are even, then d G So. 

Now consider the Perron-Frobenius eigenvector v = (vi) of the matrix G, 
with Vj = 1. Since Q is not Dynkin and not affine, one has Gv = Av, where 
A > 2. Thus (v, Av) = (2- A)|v| 2 < 0, and £\ a ljVj = (2 - X)v t < 0. This 
means that there exists an open cone K in M. 1 with axis of symmetry going 
through v and such that any vector d 6 K with even integer coordinates di is 
contained in So. This implies the lemma. □ 

11.4 Proof of Theorem l8.6.1L Given an element x G SymP, we will denote 
by x the image of that element under the projection SymP -» Sym(Pt]). 

Let k[it!j m ] be the polynomial algebra in an infinite set of variables Wi m , i G 
/, to = 1, 2, . . . . The assignment Wi m i — ► ei~w m G P clearly induces a graded 
algebra isomorphism Symi?® k[wj m ] ^> Sym(i?[w]). Abusing the notation, we 
will often identify Wi m with the corresponding element of Sym(i?[w]). 

Let d be a dimension vector and rpd '■ 0(P) — > k[Rcp(Q, d)] Gd the corre- 
sponding algebra homomorphism. We define the following functions 

Pim ■= ^d(wim) = Tr e~^ G k[Rep(Q,d)] Gd , Vi e I, m = 1,2, .... 

The relation between \i and w provided by Theorem 16.4.31 shows that the 
subalgebra \i* (k[jjd]) C k[Rep(Q, d)] is generated by the matrix elements of 




□ 
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the matrix valued function w. Restricting attention to Gd-invariants and using 
surjectivity of the homomorphism ipd, we obtain 

/i*(k[q d ] Gd ) = ^ d (Sym(i?[w])) = k{p im }. (11.4.1) 

We now prove part (i) of the Theorem. Let c G Sym(P[,) be a homogeneous 
element of degree r > which is a central element with respect to the Poisson 
bracket. Then, the element ipd(c) has to be central in the Poisson algebra 
k[Rep(Q, d)] Gd , since the map ipd is surjective. It follows from Corollary 1 11. '6. 21 
that, for any d G £ i we have tpd(c) G (Mfld] Gd ) ■ Hence, for such a d, by 
(|1 1 .4. ipi . there exists a degree r homogeneous element z G k[w£ m ] such that 
^d(c) = ipd{z). Furthermore, if the dimension vector d e So is such that, in 
addition, one has di > N(r), then, by Proposition II 1 . 1 Tl in Od(P), we get 
c — z. Thus, we have shown that 

cekKJ(r) cO d (P)W, Vd G E , d t > N(r), i G /. (11.4.2) 

Next, identify Symi? with k[i?*], the polynomial algebra on the dual vector 
space R* — Hom^i?, k). Any dimension vector may be viewed as a point 
d G R*. Thus, for any / G Symi? = k[i?*] there is a well-defined scalar /(d) G k. 

Now, write the direct sum decomposition = R © L, where L is the sum 
of all homogeneous components of positive degrees. Thus, we have an algebra 
isomorphism Symi? ® SymL —> SymP^, and we can write our element c G 

SymP^ in the form c = ^2j=i fj ' Cj> where fj are elements of Symi? and Cj are 
linearly independent elements of SymL. With this notation, the image of c in 
O d (P) equals T! j= ifM)-Cj. 

Recall next that the imbedding Sym L Sym P^ induces an isomorphism 
SymL Od(P). We see that formula (|11.4.2(l may be intrpreted as saying 
that the polynomial map R* SymL, d i — > Y^j=i fj(d) ■ Cj> takes values 
in the subspace k[w im ](r), for every d G So such that di > N(r),Vi G /. 
By Lemma 111.3.31 this set of dimension vectors is Zariski dense. Hence, we 
deduce that Ylj=i fj(d) • Cj G k[iD im ](r) for all d G i?*, which means that 

Y^j=i fj ' Cj ^ Symi? (g) k[tDi m ] = Sym(i?[w]). This completes the proof of the 
first statement of part (i) of the theorem. 

To prove the second statement of part (i), let c G Sym(i?[w]) be a nonzero 
homogeneous element of degree r > such that its image, c G Sym(i?[w]), 
vanishes. We can write c = fj • Pj{wi m ) where fj G Symi? and where 
Pj = Pj( w im) G k[w; m ] are some homogeneous linearly independent elements 
of positive degrees. Then, since c = 0, applying the homomorphism ipd, in 
k[Rep(Q,d)], we find 

= V^d(c) = ^2 fj(d) ■ p(p im ). 

Now, let d G E be such that di > N(r),Vi G i. Then the only independent 
relation between the functions pi m G Rep(Q, d) with m < N is the relation 
Y^. pn = -0d(w) = 0. Thus, Y- fj(d)-pj, thought of as an element of an abstract 
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polynomial algebra k[iO{ m ], must belong to the principal ideal generated by the 
element X^^ii- Now, Lemma 111.3.31 and the linear independendence of the 
polynomials pj — Pj(wi m ) allows us to conclude that the element ^\ fj ®pj S 
Symi? <g> k[u>j m ] is divisible by J2 i von. Part (i) of the theorem follows. 

Now we prove part (ii) of the theorem by a very similar argument. 

Let c be a homogeneous central element of Sym IT^ of degree r > 0. The map 

: Od(n) — > k[Rep(II, d)] Gd being surjective, we conclude that the element 
c has to be a central element in the Poisson algebra k[M(Q, d)]. By Theorem 
111.3.11 if d G So j this scheme is in fact an irreducible algebraic variety which 
is, moreover, generically symplectic. Therefore, any Casimir on M(Q,d) has to 
be a constant function, and hence ipd(c) = 0. 

Write iltj = R® L, where L is the positive degree part of LI^. We can write c 
in the form c = Y^j=i fj ' <%j where fj are elements of Symi? and Cj are linearly 
independent elements of Sym L. Again, applying the homomorphism ip& in our 
IT-setting, we get = ip d (c) = Y,j=i fj( d ) ' V'd(cj). 

Let di > N(r) for all i. Then, by Proposition 111. 1.11 we deduce that 
Y^j /j(d) • Cj = 0. This implies that fj(d) — for any j and any d e So 
such that di > N(r). We know from Lemma 111.3.31 that the set of such d is 
Zariski dense. Thus the polynomials fj are all identically zero, i.e. c = 0, which 
proves (ii). 

11.5 The center of II. In this section we will prove Proposition 18 . 2 . 21 The 
argument is based on Lemma Til .3. 31 

Let z be a central element of LI. To show that z is a constant it suffices to 
show that this is so in every finite dimensional representation of II. Indeed, let 
be the ideal of elements of degree > N in LI; then any element of II acting 
by a scalar in 11/ J! N for all N is necessarily a scalar. 

Let Y be a finite dimensional representation of LI with dimension vector d. 
We want to show that z acts by a scalar in Y. By Lemma Til. 3 .31 there exists a 
nonnegative dimension vector d' such that d + d' £ So (stable region). Let Y' 
be the direct sum of Y with the augmentation representation of dimension d' . 
Then Y' e Rep(Q, d+d'), which is an irreducible variety by |CB2| . So it suffices 
to show that z acts by a scalar on the generic representation of dimension d + d' . 
But the generic representation is irreducible, again by |CB2| . So we are done 
by Schur's lemma. 

We now prove similarly that the algebra II is prime. Suppose a, b £ n are 
nonzero, but allb = 0. Choose a dimension vector d such that there are repre- 
sentations of dimension d which are not annihilated by a and representations 
which are not annihilated by b. By enlarging d if necessary we may assume that 
d 6 So. Let R a and Rb be the closed subsets consisting of the representations in 
Rep(n, d) annihilated by a and b respectively. By assumption they are proper 
subsets. If X is a simple representation of n, then allbX — 0, but libX = 
or X, so aX = or bX — 0. Thus R a U Rb contains all simple representations, 
and since they are dense in Rep(n,d) we have R a U Rb — Rep(n,d). But this 
contradicts the fact that Rep(n,d) is irreducible. □ 
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